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THE JACOBSON RADICAL OF GROUP RINGS OF
LOCALLY FINITE GROUPS

D. S. PASSMAN

ABSTRACT. This paper is the final installment in a series of articles, started
in 1974, which study the semiprimitivity problem for group algebras K[G]
of locally finite groups. Here we achieve our goal of describing the Jacobson
radical JK[G] in terms of the radicals JK[A] of the group algebras of the
locally subnormal subgroups A of G. More precisely, we show that if char K =
p > 0 and if Op(G) = 1, then the controller of JK|[G] is the characteristic
subgroup SP(G) generated by the locally subnormal subgroups A of G with
A =0 (A). In particular, we verify a conjecture proposed some twenty
years ago and, in so doing, we essentially solve one half of the group ring
semiprimitivity problem for arbitrary groups. The remaining half is the more
difficult case of finitely generated groups.

This article is effectively divided into two parts. The first part, namely the
material in Sections 2-6, covers the group theoretic aspects of the proof and
may be of independent interest. The second part, namely the work in Sections
7-12, contains the group ring and ring theoretic arguments and proves the
main result. As usual, it is necessary for us to work in the more general
context of twisted group algebras and crossed products. Furthermore, the
proof ultimately depends upon results which use the Classification of the Finite
Simple Groups.

1. INTRODUCTION

Let K be a field and let G be a multiplicative group. Then the group algebra
K|[G] is an associative K-algebra having the elements of G as a K-basis. The
addition in K[G] is as expected, and the multiplication is defined distributively
using the multiplication in G. More generally, a twisted group algebra K![G] is an
associative K-algebra having a copy G of G as a K-basis. Here the multiplication
is defined using the formulas

g =71(x,y)TY for all z,y € G,

where the twisting function T maps G x G to K* = K \ 0. Furthermore, the 2-
cocycle relation satisfied by 7 is precisely equivalent to the associativity of K*[G]
(see [P5, Sections 1.1 and 1.2]). As usual, we can assume that 1 =1 is the identity
element of K'[G].

Of course, K[G] is an algebra, so it is appropriate to study its ring theoretic
properties, and to seek relationships between the group theoretic structure of G and

Received by the editors May 23, 1996.

1991 Mathematics Subject Classification. Primary 16S34; Secondary 16535, 20F50, 20F24.

Key words and phrases. Group algebras, twisted group algebras, Jacobson radical, semiprim-
itivity, locally finite groups.

Research supported by NSF Grant DMS-9224662.

©1997 American Mathematical Society
4693



4694 D. S. PASSMAN

the ring theoretic structure of K*[G]. One such theme of particular interest is the
semiprimitivity problem. Namely, we wish to determine when K*[G] is semiprim-
itive, and more generally to find a reasonable description for its Jacobson radical
J K'[G]. This problem was studied quite intensely in the 1970s and revisited again
in the 1990s (see [P11]). In 1974, the task was essentially split into two. Specifically,
it was shown in [P2, Section I] that if one could solve the problem for finitely gener-
ated groups and for locally finite groups, then these answers could be combined to
handle all groups. The first part still appears to be a rather hopeless task, but the
second part always seemed to be more promising. Indeed, the goal of this paper
is to complete the work on locally finite groups by verifying a conjecture proposed
some twenty years ago. Of course, in so doing, we also solve half of the group ring
semiprimitivity problem for arbitrary groups. Note that, if char K = 0, then one
knows that JK*[G] = 0 (see [P5, Lemma 7.4.2]), and therefore our concern here is
with fields of characteristic p > 0.

In 1979, the case of locally finite, locally p-solvable groups was settled in [P6].
At that time, it appeared that the Classification of Finite Simple Groups (CFSG)
would be needed to proceed further, and this has indeed proved to be the case. For
example, paper [PZ] uses CFSG directly to handle the nonlinear simple groups,
and other papers use it indirectly. In particular, [P9] is based upon the well known
result of [Be], [Bo], [HaS] and [T] which determines all locally finite, infinite simple
linear groups, while [P10] and the present paper require the classification of the
infinite simple, finitary linear groups as given in [H1] and [H2].

This paper builds upon a good deal of earlier work. To start with, references
[P8], [P9], [P10] and [PZ] studied semiprimitivity under certain global assumptions
on the locally finite group G. Then, papers [P12] and [P13] used the preceding re-
sults to deal with the more important local assumptions, and indeed they combined
to essentially obtain necessary and sufficient conditions for a twisted group algebra
K*G] of a locally finite group G to be semiprimitive. Here, we complete the cycle
by describing the Jacobson radical J K*[G], and we require the main result of [P13]
at two crucial points in the proof. Another important ingredient in this argument
is the much earlier work of [P4], which handled the finite extension problem. Un-
fortunately, that paper restricted its attention to ordinary group algebras, while we
need the result here in the twisted context. Furthermore, we also need some of the
purely group theoretic aspects of that paper, but in a slightly different form. Thus
it is necessary for us to redo some of the work of [P4] in this article. Of course, this
affords us the opportunity to shorten and neaten some of the original arguments.

In attempting to describe JK*t[G], we obviously need a mechanism to describe
any ideal of the algebra K*[G]. One such possibility is to consider the supports
of the generators of the ideal. To this end, let I be any fixed ideal of K'[G]. If
H < G, then I N K'[H] is an ideal of K'[H]| which is G-stable in the sense that
g YINK'H])g=INK'H] for all g € G. Tt follows that

K'[G)-(INK'[H]) = (In K'[H])-K'[G]

is a 2-sided ideal of K*[G] contained in I, and we say that H controls I if and only
if I = (INK'[H])-K*|G]. In other words, H controls I if and only if K![H] contains
a full set of generators for the ideal. Note that, if I = L-K*[G] for any G-stable
ideal L of K'[H], then L = I N K'[H] and H controls I. Now it turns out (see
[P5, Lemma 8.1.1]) that the set of controlling subgroups for I is an upwards facing
cone with a unique minimal member C(I), the controller of I. Furthermore, if I is a
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characteristic ideal of the ordinary group algebra K[G], then we expect C(I) to be a
characteristic subgroup of G ([P5, Lemma 8.1.2]). Thus, one approach to describing
ideals in K*[G] is to find controlling subgroups. In this paper, we essentially find
C(JK'G]) = C and we obtain an adequate description of the intersection ideal
J KGN KtC] when G is locally finite.

To see what we might expect for an answer, let us briefly consider a related, but
considerably easier problem. For any ring R, let N'R denote its nilpotent radical,
namely the join of all its nilpotent ideals. Obviously, /'R is a characteristic nil ideal
of R and, of course, it need not be nilpotent. Next, for any group G, we let AP(G)
denote its characteristic subgroup generated by all finite D <G with D = DP. Here
we write DP as an abbreviation for Q7' (D), namely the subgroup of D generated by
its p-elements. The following result is proved by a coset counting argument known
as the Delta Method (see [P5, Theorem 8.1.9] or [P8, Proposition 2.8] for somewhat
simpler proofs).

Proposition 1.1. [P1] Let K'[G] be a twisted group algebra of the arbitrary group
G over a field K of characteristic p > 0. Then we have

i, NK'[G] = TK'AP(G))-KY[C).
ii. JK'AP(G)] = Upep JK'[D], where ® is the set of all finite normal sub-
groups D of G with D = DP.
ili. NKG] = 0 if and only if TK![D] = 0 for all D € ®. In particular, if D
consists of just the identity group 1, then NK'[G] = 0.

Note that, if K*[G] = K[G] is an ordinary group algebra or if K is a perfect field,
then C(NK*'[G]) = AP(G) and, in particular, N K*[G] = 0 if and only if AP(G) = 1.
We will prove this controller observation in Section 12; it was previously known only
for ordinary group algebras (see [P5, Theorem 8.1.9]). As we will see, twisted group
algebras over imperfect fields can exhibit rather anomalous behavior. Indeed, when
this occurs, the controller C(N K*[G]) can be considerably smaller than AP(G).

For the remainder of this introduction we consider only locally finite groups. As
we indicated, our goal is to describe the Jacobson radical JK*'[G] in a manner
analogous to that given for N'K*[G] above. For this, it turns out that the finite
normal subgroups which occur in Proposition 1.1 must be replaced by the locally
subnormal subgroups of GG, which are defined as follows. Let A be a finite subgroup
of G. Then we say that A is locally subnormal in G, and write A lsn G, if A is
subnormal in all finite subgroups B C G which contain A. Furthermore, we let
SP(G) be the characteristic subgroup of G generated by all Alsn G with A = AP,
so that SP(G) plays a role similar to that of AP(G). With this notation in hand,
we can now state our main result.

Theorem 1.2. Let K'[G] be a twisted group algebra of the locally finite group G
over a field K of characteristic p > 0. If O,(G) = 1, then

i. JK!G] = JKt[SP(Q)]-KYG].
ii. JTK'SP(G)] = Unee JK'[A], where & is the set of all locally subnormal
subgroups A of G with A = AP.
ili. JK'G] = 0 if and only if TK'[A] = 0 for all A € &. In particular, if &
consists of just the identity group 1, then JK'G] = 0.
iv. JKG] is a prime ideal of K![G] when G has no nonidentity finite normal
subgroups.
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Note that the assumption Q@,(G) =1 in the above is easily overcome by merely
modding out O,(G). Indeed, if we define TP(G) D O,(G) by

T?(G)/0p(G) = SP(G/Op(G)),
then we have the following immediate consequence.

Corollary 1.3. If K'[G] is a twisted group algebra of the locally finite group G
over a field K of characteristic p > 0, then
i. JK'G] = JK'UTP(Q)]-K'[G].
ii. JKG]=0 if and only if TK'[A] = 0 for all locally subnormal subgroups A
of G with A = AP. In particular, if the only such group A is the identity 1,
then JK[G] = 0.

Furthermore, we can give a reasonably accurate description of both JK*'[G]
and JK!TP(G)]. Indeed, if either K*[G] is an ordinary group algebra or if K
is a perfect field, then K*[0,(G)] = K[0,(G)] has Jacobson radical equal to its
augmentation ideal, and hence this radical has codimension 1. Consequently, if
we set J = JK'0,(G)]-K'[G], then J C JK'|G] and K'[G]/J = Kt/[G/(@p(G)],
where the latter is a naturally defined twisted group algebra of G/O,(G). Of course,
G/0,(G) has no nontrivial normal p-subgroups and J K*[G]/J = JK* [G/0,(G)],
so Theorem 1.2 quickly yields the result. Note that, under these assumptions, it
follows that C(J K'[G]) = TP(G). On the other hand, if K is not perfect, then the
controller of the Jacobson radical can be properly smaller than TP(G).

We close this section with a few personal comments. To start with, I would
like to thank Professor Alex Zalesskii for rekindling my interest in the group ring
semiprimitivity problem. He visited Madison in 1990 and told me of his ideas
concerning infinite simple groups. This led to our joint paper [PZ] and profoundly
changed the direction of my research. Next, I would like to thank Professors Jon
Hall, Dick Phillips and Ulrich Meierfrankenfeld. Their results on finitary linear
groups are crucial to the arguments here, and they were kind enough to give me
preliminary copies of their papers and to promptly answer my email questions.
Finally, some of the work on this paper was done during a delightful month-long
stay at the Université Pierre et Marie Curie (Paris VI) this past summer (1995).
Both my wife and I would like to thank Professor Marie-Paule Malliavin for the
invitation and for her kind hospitality.

2. SUBNORMALITY IN FINITE GROUPS

We start by gathering together a number of fairly standard results on subnor-
mality in finite groups. These will be needed to study local subnormality in locally
finite groups. For the time being, all groups considered are assumed to be finite.
As usual, A <G indicates that A is a normal subgroup of G, and A << G indicates
that A is subnormal. Recall that a property (x) is said to be normally persistent
if the product of two normal (x)-subgroups is a (x)-group. Similarly, (%) is sub-
normally persistent if the group generated by any two subnormal (x)-subgroups is
also a (*)-group. Some key observations are as follows (see [W1] or [Za, pages 194
and 246]).

Lemma 2.1. Let G be a finite group.

i. If A, B<< G, then AN B and (A, B) are also subnormal in G.
ii. Normal persistence implies subnormal persistence.
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By applying part (ii) of the preceding lemma to the normal closure of the sub-
normal subgroups given below, we obtain

Lemma 2.2. Let G be a finite group.

i. If m is a set of primes, then any subnormal m-subgroup of G is contained in
0,(G), the largest normal w-subgroup of G.
ii. Any subnormal nilpotent subgroup of G is contained in the Fitting subgroup
F(G), namely the largest normal nilpotent subgroup of G.
iii. If A is a solvable subnormal subgroup of G, then its normal closure A% is a
solvable normal subgroup of G.

Recall that if A and B are subgroups of G, then their commutator group [A, B]
is the subgroup of G' generated by all commutators [a,b] = a~'b~tab with a € A
and b € B. It is clear that [A, B] = [B, 4] and that [4, B] = 1 if and only if A and
B centralize each other. Furthermore, if B normalizes A, then [A, B] C A, and if C
normalizes A and B, then C' normalizes [A, B]. More substantial observations are
stated below. Note that the triple commutator [A, B, C] is defined by associating
to the left, so that [A, B,C] = [[A, B],C].

Lemma 2.3. Let A, B, and C be subgroups of G and let N < G.

i. A and B normalize [A, B].
ii. If [A,B,C] C N and [B,C,A] C N, then [C,A,B] C N.

Note that part (ii) above is usually called the Three Subgroups Theorem. For a
proof of the lemma see [Hu, Hilfssatz I11.1.6 and Satz II1.1.10]. Now if VA C G,
we define the multicommutators [V, A],, inductively by [V, Alo = V and [V, A],41 =
[[V, A]s, 4]. In other words,

V,Al, = [V, A, A,... Al
———
n times

with the latter expression associated to the left. Note that if V' and A are abstract
groups with A acting on V, then we can use the same commutator notation by
working in the semidirect product V x A. Of course, [v,a] = v"ta"tva = v~ 10®
can be computed directly in V' without recourse to the larger group V x A. In any
case, we say that A is unipotent on V if [V, A],, = 1 for some integer n.

Lemma 2.4. Let A and B be subgroups of G and let G act on V.

i If [V, Al, = 1 with n > 1, then [V, A®D] = 1 where A"V denotes the
(n — 1)st derived subgroup of A.
ii. Suppose that [V, Al, =1 and [V, B],, = 1 for some integers m,n > 0. If A
normalizes B, then [V, AB]p, = 1.
iii. Let A and B be subnormal subgroups of G. If A and B are unipotent on V,
then (A, B) is also unipotent on V.

Proof. (i) This is a standard application of the Three Subgroups Theorem and
is proved by induction on n, the case n = 1 being trivial. If n > 2, then
[V, A], A],_1 = 1, so we conclude by induction that [V, 4, A"=?)] = 1 and hence
that

(A2 Vv, A2 = [V, A2 A2 C [V, 4, A0 = 1.
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Consequently, Lemma 2.3(ii) yields
[V, A0=D] = [A®D, V] = [A7D, A2 V) = 1,

and the result follows.
(ii) If we set V; = [V, B];, then Lemma 2.3(i) and the hypothesis imply that

1=V, <aVy_1<---aViaVyg=V

and that each V; is B-stable. Furthermore, since A_ normalizes both B and V/, it
follows that each V; is A-stable. Thus AB acts on V; = V;/V;41 and, since B acts
trivially on this quotient and [V;, A, C [V, A],, = 1, we have

[‘77;7143]” = [ViaA]n =[Vi,Aln =1.

In other words, [V;, AB],, C V;41 and therefore [V, AB|mn = [Vo, ABlmn C Vi = 1.
(iii) Part (ii) implies that the property of being unipotent on V is normally
persistent. Thus, by Lemma 2.1(ii), this property is also subnormally persistent.
O

It is clear that the preceding commutator observations hold without any finite-
ness assumption. Now we combine the concept of subnormality with that of a
unipotent action. For convenience, we use A(>) to denote the last term of the
derived series of the finite group A.

Lemma 2.5. Let G be a finite group and let A << G.
i. [G, A], C A for some integer n.
ii. If A normalizes N and N N A C Z(A), then A(>®) centralizes N.

Proof. (i) By definition of subnormality there exists a subnormal series
A=A,<9A,_1<---<1A1 <Ay =G,

and observe that [A;, A] C [A;, Ait1] € A;q1 for each i < n. Thus [G, 4]; =
[Ao, A]; C A; for all j < n and, in particular, [G, 4], C A,, = A.

(ii) Since A normalizes N and N C G, part (i) implies that [N, A], CNNA C
Z(A). Thus [N, Al,+1 C [Z(A), A] = 1, and Lemma 2.4(i) implies that [N, A(®)] C
[N, AM] = 1. O

We say that a finite group A is quasi-simple if A = A" and A/7Z(A) is nonabelian
simple. In other words, A is a nontrivial homomorphic image of the Schur central
cover of a nonabelian simple group. Such groups come into play because of

Lemma 2.6. Let N be a mazimal normal subgroup of the finite group A and as-
sume that [N, A], = 1 for some integer n. Then either A is nilpotent or A = N A(>)
with N nilpotent and A quasi-simple.

Proof. Since [N, N], C [N, A}, = 1, it is clear that N is nilpotent. Furthermore,
if A/N is abelian, then A’ = [A4, A] C N, so [4, Al,+1 = [[4, A], 4], C [N, 4], =
1 and A is also nilpotent. On the other hand, if A/N is nonabelian, then the
maximality of N implies that this quotient is nonabelian simple. In particular,
(A/N)(>®) = A/N, so it follows that A = NB where B = A(>). Note that B = B’
and that B/(BNN) 2 BN/N = A/N is nonabelian simple. Finally, [BNN, B],, C
[N, A],, = 1, so Lemma 2.4(i) implies that [BN N,B] = [BNN,B® Y] = 1. In
other words, BN N C Z(B) and B is quasi-simple. O

Key properties of quasi-simple groups are as follows.
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Lemma 2.7. Let A be a quasi-simple group.
i. If N << A, then either N = A or N C Z(A). In particular, N <A and A/N
is either quasi-simple or trivial.
ii. If A<< G and B << G, then A normalizes B. Indeed, if B is solvable or if
B # A is quasi-simple, then A centralizes B.

Proof. (i) Let Z = Z(A) and suppose that N ¢ Z. Then NZ/Z is a nontrivial
subnormal subgroup of the simple group A/Z, so NZ/Z = A/Z and NZ = A.
Consequently, A = [A,A] = [NZ,NZ] = [N,N] C N, and A = N as required.

(ii) Let A, B << G and suppose first that B is solvable. Then Lemma 2.2(iii)
implies that the normal closure BY is also solvable, and hence B N A C Z(A)
by (i) above. Thus, by Lemma 2.5(ii), [BY, A] = [B%, A(®®)] = 1, and therefore A
centralizes B®. In particular, A centralizes and hence normalizes B.

Now let B be an arbitrary subnormal subgroup of G. We show that A normalizes
B by induction on |B|, the result being trivial if B = 1. We may of course assume
that G = (A4, B), and we first consider the case where B is not simple. To this end,
let C' be a proper normal subgroup of B. Since C' << G and |C| < |B|, it follows by
induction that C' is normalized by A. Thus C<(A, B) = G and welet ~: G — G/C
be the natural epimorphism. Then B = B/C << G and also A << G. Furthermore,
by (i) above, A is either equal to 1 or quasi-simple. Thus, since |B| < |B|, induction
implies that A normalizes B and hence that B < (A, B) = G. But B 2 C, so we
conclude that B < (A, B) = G, and this case is proved.

Next, we assume that B is a nonidentity simple group. Since the abelian case
has already been considered, we may further suppose that B is nonabelian simple.
If B C A, then B << A and therefore (i) above implies that A normalizes B. On
the other hand, if B ¢ A, then A # G = (A, B), so A<<G implies that A C H<1G
with H a proper normal subgroup of G. Certainly B ¢ H since G = (A, B) D H,
and therefore B # BN H < B. Thus, since B is simple, we have BN H = 1, and
Lemma 2.5(ii) implies that [H, B] = [H, B(™)] = 1. Consequently, H centralizes
B, and it follows that A C H centralizes and hence normalizes B.

We have therefore shown that if B << G, then A normalizes B. Furthermore, if
B is solvable then A centralizes B. It remains to consider the action of A on B
when the latter group is quasi-simple. Suppose first that AN B is nonabelian. Since
AN B« A, (i) implies that AN B = A, and similarly, since AN B << B, we have
A = AN B = B. Consequently, if A # B, then we must have A N B abelian and
hence AN B C Z(A). Finally, since A normalizes B and A<<(A, B), Lemma 2.5(ii)
yields [B, A] = [B, A(®)] = 1, and the lemma is proved. |

The following technical result will be used when we study the generalized Fitting
subgroup.

Lemma 2.8. Let G be a finite group generated by subnormal subgroups which are
either nilpotent or quasi-simple. If N << G, then N is also generated by subnormal
subgroups which are either nilpotent or quasi-simple.

Proof. We proceed by induction on |G| and we let F' denote the Fitting subgroup
of G. Then F is a normal nilpotent subgroup of G, so [G, F] C F and therefore
[G,F], = 1 for some integer n. Since all nilpotent subnormal subgroups of G
are contained in F', we can write G = (F, Ay, Aa,... , Ar) where the A; are all
the subnormal quasi-simple subgroups of G. Note that, if S is a solvable normal
subgroup of G, then each A; centralizes S by the preceding lemma. Hence [S, G],, =
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[S, Fln C [G, F], = 1. In particular, [S,S], = 1, so S is nilpotent and S C F. It
now follows that any solvable subnormal subgroup of G is also nilpotent.

Let N be any subnormal subgroup of G. If N is solvable, then N is nilpotent by
the above, and the result is clear. Thus we may suppose that N is not solvable and
we choose A C N to be a minimal nonsolvable subnormal subgroup of N. Then
A<<G and it is clear that A = A’ since otherwise A’ would be solvable. Now let B
be a maximal normal subgroup of A. Again, B<< N, so the minimality of A implies
that B is solvable and that A/B is nonabelian simple. Furthermore, S = B is
a solvable normal subgroup of G, so the remarks of the previous paragraph imply
that [B, A],, C [S,G], = 1. Therefore A is quasi-simple by Lemma 2.6 and, for
convenience, we suppose that A = Ag.

Finally, let C = (F, Ay,...,Ag—1). Then G = (C, Ax) and Ay centralizes C' by
Lemma 2.7(ii). Thus C <G and G = C'A;. In addition, we note that G # C since
otherwise Ay would be central in G. Now, G = CA, O N D Ag,so N = (CNN)A.
Furthermore, C' has the same structure as G and C' N N << C. Thus, by induction,
C' N N is generated by subnormal subgroups which are either nilpotent or quasi-
simple and hence the same is true for N = (C' N N)Ay since CNN < N. O

Recall that a finite group G is said to be semisimple if it is the direct product
of nonabelian simple groups. Obviously, any such group is generated by its sub-
normal nonabelian simple subgroups. Conversely, since any two distinct subnormal
nonabelian simple subgroups commute, by Lemma 2.7(ii), it follows that any group
generated by such subgroups is necessarily semisimple. As a consequence, we have
part (i) of the following result, and part (ii) is, of course, routine.

Lemma 2.9. Let G be a finite group.

i. The property of being semisimple is subnormally persistent.

il. If G =My x My X --- x My, is semisimple with each M; nonabelian simple,
then any subnormal subgroup of G is a partial direct product of the M;s and
hence it is normal. In particular, {My, Ma, ..., My} is the set of minimal
normal subgroups of G.

Finally, we mention a 7 analog of Lemma 2.7. For convenience, if G is any
group and if 7 is any set of primes, then we write G* for O™ (GQ), the characteristic
subgroup of G generated by its m-elements. Of course, if 7 consists of just one
prime p, then we denote this subgroup by GP.

Lemma 2.10. Let A and B be subnormal subgroups of G. If A is a ©’'-group and
if B= B™, then A normalizes B.

Proof. Since the normal closure of A is also a 7’-group, we can assume that A <G.
In addition, we may suppose that G = (A, B) = AB, and we proceed by induction
on |G|. Specifically we show that, under these conditions, G™ = B™ = B and
consequently B is normal in G. Now, this fact is obvious if B = G, so suppose that
B is a proper subgroup. Then, since B << G, there exists a proper normal subgroup
H of G with B C H. Note that G = AB = AH,so G/H = A/(ANH) is a n’-group
and hence G™ = H™. Furthermore, AB O H D B, so H = (HN A)B and therefore
H has the same structure as G. By induction, we conclude that H™ = B™ = B
and the lemma is proved. O
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3. FINITE GROUP ACTIONS

In this section, we continue our study of finite groups and obtain some rather
technical lemmas which will be needed for later applications. Specifically, we offer
a simplified approach to the group theoretic results of [P4]. We start with an
observation on permutation groups.

Lemma 3.1. Let G be a finite group acting primitively as permutations on a set
Q and suppose that A< G.

i. If A is nontrivial in its action, then there exists © € G such that the group
(A, A™) fizes no point of Q.
ii. If a € A moves k > 0 points of 2, then || < 2k |A|.

Proof. (i) We can assume that G acts faithfully on Q and therefore, by hypothesis,
A # 1. Now let B # 1 be a minimal subnormal subgroup of G contained in A and
set S = B%. Since S<G and G is primitive on €, it follows that S is transitive. In
particular, if 1 # N <5, then N fixes no point of 2. As usual, there are two cases
to consider.

Suppose first that B is nonabelian simple. Then, by Lemma 2.9, S is semisimple,
and B < S. In particular, the preceding remarks imply that B fixes no point of €,
so the same is true of A D B, and we can take x = 1 in the conclusion.

The remaining possibility is that |B| = ¢ for some prime ¢. In this case, S is a
g-group and we let Z denote its center. Since any subgroup of Z is normal in S,
the remarks of the first paragraph imply that every nonidentity element of Z acts
without fixed points on 2. Consequently, if S is abelian, then B C S = Z fixes no
point of Q and therefore the same is true of A.

On the other hand, if S is nonabelian, then its second center Z, is properly
larger than Z. Note that Zs <G and that B does not centralize Z5 since otherwise
B¢ = S would also centralize this group. Thus we can choose x € Z, and b € B
with [b,z] # 1. But then [b,2] € (B,B*) N Z, so (B, B*) does not have a fixed
point in  and therefore the same is true of the larger group (4, A%).

(ii) Let C' = {a)” be the normal closure of (a) in A. Then C' is generated by at
most |A] conjugates of a and, since a moves k points of Q, it follows that C' moves
at most k |A| points. Furthermore, note that C'<<G and that C acts nontrivially on
Qsince k > 0. Thus, by (i) above, there exists z € G such that (C, C*) has no fixed
points. But (C, C*) moves at most 2k | A| points, and consequently || < 2k|A|. O

Not surprisingly, a similar result holds for linear groups.

Lemma 3.2. Let G be a finite group which acts in a primitive manner on the
elementary abelian group W and suppose that A << G.

i. If A acts nontrivially, then there exists x € G with Cy ((4, A*)) = 1.
ii. Ifa € A with |W : Cy(a)| =k > 1, then |W| < k24l

Proof. (i) We can assume that G acts faithfully on W and therefore, by hypothesis,
A # 1. Now let B # 1 be a minimal subnormal subgroup of G contained in A and
set S = BY. Since S <G and since W is a primitive G-module, it follows that the
restriction of W to S is homogeneous. In other words, Wg X U U & --- b U,
where U is an irreducible S-module. Thus Wyg is completely reducible and S acts
faithfully on U. Now if 1 # N < .S, then S acts on Cy(N) and consequently this
S-submodule of W is isomorphic to a direct sum of copies of U. But IV acts trivially
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on Cy(N) and S is faithful on U, so it follows that no U summands can occur. In
other words, we must have Cy (N) = 1.

As in the proof of Lemma 3.1, there are now two cases to consider. Suppose first
that B is nonabelian simple. Then S is semisimple and B < .S, so the preceding
remarks imply that 1 = Cw (B) 2 Cw(A), and we can take z = 1 in the conclusion.

The remaining possibility is that |B| = ¢ for some prime ¢. In this case, S is
a g-group and we let Z denote its center. Since any subgroup of Z is normal in
S, the remarks of the first paragraph imply that every nonidentity element of Z
has trivial centralizer in W. In particular, if S is abelian, then B C S = Z yields
1=Cw(B) 2 Cw(A), and the result again follows with z = 1.

On the other hand, if S is nonabelian, then its second center Zs is properly larger
than Z. Furthermore, Z> <G and B does not centralize Zs since B¢ = S does not
centralize this group. Thus we can choose x € Z3 and b € B with [b,z] # 1. But
then [b,z] € (B, B*) N Z, so (B, B*) has trivial centralizer in W and therefore the
same is true of the larger group (A, A*).

(ii) Let C = (a)? be the normal closure of (a) in A. Then C is generated by at
most | A| conjugates of a and, since |W : Cy(a)| = k, it follows that |W : Cy (C)] <
kM4l Furthermore, C' << G and C' acts nontrivially on W since k > 2. Thus, by (i)
above, there exists © € G such that (C,C*) has trivial centralizer in W. But then

W =W : Cw(({C,C))| < [W: Cw (O < k24,
so the lemma is proved. O

We will need the following elementary observation. For later applications, we
allow the H-module W to be infinite.

Lemma 3.3. Let H be a finite group and let W be a possibly infinite group acted
upon by H with |W : Cw(H)| = k < oo. Suppose that W = [], W; is the direct
product of isomorphic subgroups W; and that, in its action on W, H permutes these
factors in a montrivial manner. For convenience, if O is any H-orbit of W;s, then
we write We for the finite direct product of these factors.

i. Each W; is finite of order < k and each Wo is an H-stable finite subgroup of
W of order < k2.
ii. W =][Weo, where the direct product is taken over all orbits O.
iii. H fails to centralize at most k of the Wo and at most k% of the Wj.

Proof. Let O = {Wy,Was,... ,W,} be any H-orbit of W;s with r > 2. Since H
is transitive on O, it follows that any element of Cyy,, (H) is uniquely determined
by its projection to the Wi-factor. In other words, Cy,, (H) is disjoint from the
product Wy x W3 x --- x W, and therefore, since all W; are isomorphic, we have

k> W : Cw(H)| > [Wo : Cwo (H)| > [Wh]"™! > [Wi.

Consequently, [Wo| = [Wi|" < [W1 20D < k? and r < 1+ logy k < k.

Now the hypothesis of the lemma implies that such an orbit O exists with r > 2,
and therefore we conclude from the above that |W;| < k for all subscripts i. With
this, parts (i) and (ii) clearly follow. Finally, since Cy (H) = [[ Cw,, (H), we have
[W:Cw(H)| =]1]|Wo : Cw, (H)| and therefore H can act nontrivially on at most
logy k < k of the factors Wp. Furthermore, each such Wy is a product of at most
k factors W;, and thus H can act nontrivially on at most k% of these terms. O
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For our purposes, it is appropriate to extend the notion of an irreducible repre-
sentation to allow for nonabelian modules. Specifically, if G acts on the finite group
W, then we say that this action is irreducible if there are no proper G-stable normal
subgroups of W. In this situation, W has no proper characteristic subgroups, so W
is either an elementary abelian g-group for some prime ¢, or it is semisimple and
in fact the direct product of isomorphic nonabelian simple groups. It is with this
understanding that we state

Lemma 3.4. There exist two integer valued functions o and 3 with the following
property: Let A and H be subgroups of G with A<a G, G = H® and [A,H] = A.
Suppose G acts irreducibly on the finite group W and that |W : Cw(H)| < k.
Then there exist a subgroup A< A with |A : A| < &/ (k) and a subgroup G < G with
|G : G| < B'(k,|A|) such that either A or G acts trivially on W. In particular, the
commutator [A, G] acts trivially on W.

Proof. We can, of course, assume that both G and A act faithfully and nontrivially
on W and, since G = HY, it follows that H also acts nontrivially. The goal is to
suitably bound |A| or |G|. There are several cases to consider according to whether
W is semisimple or elementary abelian, and according to whether the action of G
is primitive or not. We start with the two primitive situations.

Suppose first that W is nonabelian simple. Since Cy (H) is a proper subgroup
of W of index < k, it follows that |[W| < k! and thus |G| < (k!)!. Next, let
W be elementary abelian and assume that G acts in a primitive fashion on W.
Since A = [A, H] acts nontrivially, there exist elements a,b € A and h € H with
a = [b,h~'] = h®h~! acting nontrivially on W. But

W : Cw(a)| < |W : Cw (R |W : Cyw (h)| < K,

so Lemma 3.2(ii) implies that |[WW| < (k?)?4] and therefore |G| < |[W|! is bounded
by a function of k and |A|.

Now if W is semisimple but not simple, then it follows from Lemma 2.9(ii) and
irreducibility that G permutes the simple factors of W in a transitive manner.
Similarly, if W is an elementary abelian G-module which is not primitive, then W
is a direct product of isomorphic subgroups which are also permuted transitively
by G. We consider both of these cases simultaneously.

Specifically, let us write W = szl W; where G permutes the factors W; in a
transitive fashion and where ¢ > 1. Furthermore, assume that this situation is
chosen with permutation degree ¢ > 1 minimal, and note that the latter minimality
implies that G acts primitively on Q = {W7, Wa, ..., W;} since otherwise the factors
W; could be combined into larger groups corresponding to nontrivial blocks of
imprimitivity. Now G = H, so H must also act nontrivially as a permutation
group on §). Consequently, by Lemma 3.3 and its notation, we conclude that
|[Wo| < k? for all H-orbits O, that H centralizes all but at most k of these Wo,
and that |W;] < k.

We now consider the possible permutation actions of A on 2. Suppose first that
A stabilizes all W;s. Then A stabilizes each W and hence (A, H) acts on these
groups. But note that [A, H] = A and that H can act nontrivially on at most k of
the We. Thus A can act nontrivially on at most k of these Wy and, since A acts
faithfully on W = [[ Wo, we conclude that |A] < ((k%)!)*.

On the other hand, suppose A acts nontrivially on 2. Then using [A, H] = A,
it follows that there exist elements a,b € A and h € H with a = [b,h™!] = h®h~!
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acting nontrivially on Q. Furthermore, since h moves at most k2 points of Q by
Lemma 3.3(iii), it follows that a moves at most 2k2 points. Thus t = |Q| < 4k? | A]
by Lemma 3.1(ii), so |[W| = |[Wi|t < k%* 14l and therefore |G| < |W/|! is bounded
by a function of k£ and |A|. |

Again, we allow for the possibility of infinite modules.

Lemma 3.5. Let W<V be possibly infinite groups and let H act on V' and stabilize
W. If|[V:Cy(H)| =k < o0, then
i W Cw(H)| <k with strict inequality if H acts nontrivially on V/W, and
ii. |[V/W :Cyyw(H)| <k with strict inequality if H acts nontrivially on W.

Proof. Write C = Cy (H). Since Cy (H) = C NW, we have
W .Cw(H)|=W:CnNW|=|CW:C|<|V:C|=k.

Furthermore, if equality occurs here then V' = CW, so H acts trivially on V/W.
Similarly, since CW/W C Cy,w (H), we have

|[V/W : Cyyw(H)| <|V/W:CW/W|=|V:CW|<|V:C|=k.

In addition, if equality occurs here then CW = C, so W C C and therefore H acts
trivially on W. O

Finally, we prove

Lemma 3.6. There ezist two integer valued functions a and B with the following
property: Let A and H be subgroups of G with A<a G, G = H® and [A, H] = A.
Suppose G acts on the finite group W and that |W : Cw (H)| < k. Then there exist
a subgroup A< A with |A : A| < a(k) and a subgroup G <G with |G : G| < B(k,|Al)
such that the commutator group [[17 G’] is unipotent on W.

Proof. Let 1 = Wy<Wi<«---<W, = W be a subnormal series consisting of distinct
G-stable subgroups of W and chosen so that its length n is maximal. Then it is
clear that G acts irreducibly on each W; = W; /Wi,_1. Furthermore, it follows from
the preceding lemma and induction that [W; : Cyy, (H)| < k and that H can act
nontrivially on at most k of the W;. Thus G = H® can act nontrivially on at most
k of these quotients.

If G acts nontrivially on W;, let A; and G; be the normal subgroups of A and of
G, respectively, given by Lemma 3.4. Thus |A : 4;| < o/(k), |G : G| < B'(k,|A]|),
and [[11, él] acts trivially on W;. On the other hand, if G acts trivially on W;, set
A; = A and G; = G. Since G can act nontrivially on at most k of the quotients,
it follows that A = M, A; and G = N; G, are normal subgroups of A and of G,
respectively, with |A : A| < o/ (k)F = a(k) and |G : G| < 8'(k,|A])* = B(k,|A]).
Furthermore, [A, G] C [4;, G;] acts trivially on each W;, so the commutator group
[A, G] is unipotent on W. |

4. LOCAL SUBNORMALITY

Now let G be a locally finite group. Recall that a finite subgroup A of G is
said to be locally subnormal, written A lsn G, if A << L for all finite subgroups L
of G with A C L C G. Since this subnormality condition occurs locally, that is in
finite subgroups of GG, a number of results from the preceding sections carry over
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immediately to this new context. For example, the local analog of Lemma 2.1(i)
asserts that if A, Blsn G, then AN B and (A, B) are also locally subnormal in G.
We will be concerned with the characteristic subgroup of G given by

S(G) = (A| Alsn G)

and with certain subgroups of S(G). For example, if 7 is any set of primes, then
we let S™(G) denote the subgroup of S(G) generated by its m-elements. This no-
tation differs somewhat from our earlier papers, but it seems more natural for our
purposes. Of course, SP(G) is the subgroup of S(G) generated by its p-elements.

As usual, a local system L for G is a family of subgroups such that any finite
subgroup H of G is contained in some L € L. It is easy to see that L is a local
system if and only if (i) G = J ¢, L, and (ii) for all L1, Ly € L there exists L € L
with L D (Ly, Lo). With this notation, we have

Lemma 4.1. Let G be a locally finite group.

i. The set of locally subnormal subgroups of G is a local system for S(G).
ii. The set of locally subnormal subgroups A of G with A = A™ is a local system
for ST(G). In particular,

S™(G) = (A| AlsnG and A = A™).

iii. If N is a subgroup of G, then S(G) NN C S(N) with equality if N <1 G.
iv. If G is an infinite simple group, then S(G) = 1.

Proof. (i) This is an immediate consequence of the fact that if A, B lsn G, then
(A, B) Isn G.

(ii) If H is a finite subgroup of S™(G), then H is contained in a finite subgroup
L of S™(G) with L = L™. Furthermore, by the above, L is contained in a locally
subnormal subgroup B of G. Thus H C L = L™ C B™, and it is clear that A = B™
satisfies Alsn G and A = A™.

(iii) If Alsn G, then it is easy to see that (AN N)lsn N and, in view of (i), this
implies that S(G) " N C S(INV). On the other hand, if N <<« G and if Blsn N, then
transitivity of subnormality implies that B lsn G. As a consequence, we conclude
that S(V) C S(G), as required.

(iv) Suppose by way of contradiction that A # 1 is a locally subnormal subgroup
of G, and let B be a finite subgroup of G properly containing A. Since G is infinite
simple, [KWe, Proposition 4.6] implies that G has finite subgroups M < L with
B C L, L/M simple, and BN M = 1. Now A<< L and A € M, so it follows that
14 AM/M <2 L/M and hence AM = L D B. Thus B = A(M N B) = A, and this
contradicts the choice of B. |

Next we define the Fitting subgroup of G by
F(G) = (A | Alsn G and A is nilpotent).
Basic properties of this subgroup are as follows.

Lemma 4.2. Let G be a locally finite group.

i. The set of locally subnormal nilpotent subgroups of G is a local system for the
Fitting subgroup F(G).
ii. F(G) =], 04(G), where ], indicates a direct product and where Oq(G) is
the unique largest normal q-subgroup of G.
iii. If N C G, then F(G)N N CF(N) with equality if N << G.
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Proof. Parts (i) and (iii) follow, as in the preceding lemma, using the local version of
Lemma 2.2(ii). For part (ii), note that if A is a locally subnormal nilpotent subgroup
of G, then A =[], O4(A4) and Og(A) C Oy(G) by the local version of Lemma 2.2(i).
Thus F(G) C [[,04(G). Conversely, since Qg(G) is a locally nilpotent normal
subgroup of G, every finite subgroup of Q4(G) is a locally subnormal nilpotent
subgroup of G. Thus Q4(G) C F(G) and the reverse inclusion is proved. |

For a number of reasons, the generalized Fitting subgroup of G, given by
F*(G) = (A | Alsn G and A is nilpotent or quasi-simple),

is the key subgroup of interest here. To start with, there is a local analog of Fitting’s
lemma based on this group and using the following local version of unipotent action.
Let U be a finite group acting as automorphisms on the locally finite group V. Then
we say that U is locally unipotent on V if, for each U-stable finite subgroup W of
V', we have

W,U,U,... U] = [W,U], =1

for some integer n = n(W). In other words, this occurs precisely when U is unipo-
tent in its action on each such W.

Lemma 4.3. Let F*(G) be the generalized Fitting subgroup of G
i. If Ulsn G, then U is locally unipotent on F*(G) if and only if U C F(G).
ii. Coc) (F*(G)) = Z(F(G)).
iii. If N <G, then F*(G) N N =F*(N).

Proof. (i) Let U lsn G be locally unipotent in its action on F*(G). We show that
U C F(G) by induction on |U|, the result being trivial if U = 1. Now suppose that
U # 1 and let M be a maximal normal subgroup of U. Then M Isn G and M is
locally unipotent on F*(G), so M C F(G) by induction. In particular, [M, U], =1
for some integer n, and Lemma 2.6 implies that either U is nilpotent or U = MU ()
with M nilpotent and with U(*®) quasi-simple. In either case, since U « U, it
follows that U C F*(G). But then U is unipotent on U, so U is nilpotent and
U C F(G), as required.

Conversely, suppose U C F(G) and let L be any finite subgroup of G containing
U. Then U << L, so Lemma 2.5(i) implies that [L,U], C U for some integer n.
In addition, since U is nilpotent, we have [U,U],, = 1 for some m and therefore
[L,Ulntm C [U,U]n = 1. With this, it is clear that U is locally unipotent in its
action on G and hence on F*(G).

(ii) By Lemma 4.1, C' = Cg(g)(F*(G)) is generated by locally subnormal sub-
groups of S(G) and hence of G. Since each such subgroup is clearly locally unipotent
on F*(@G), it follows from the above that C' C F(G) and hence that C' C Z(F(G)).
Conversely, note that Z(F(G)) centralizes F(G) and that it also centralizes each
quasi-simple locally subnormal subgroup of G by the local version of Lemma 2.7(ii).
Thus Z(F(G)) centralizes F*(G) and this yields the reverse inclusion.

(iii) Since N << G, any locally subnormal subgroup of N is locally subnormal
in G, and it follows that F*(N) C F*(G) N N. Conversely, note that any finite
subgroup of F*(G) is contained in a locally subnormal subgroup A of G generated by
subnormal subgroups which are either nilpotent or quasi-simple. Thus, since N <G,
we have (AN N) << A and hence Lemma 2.8 implies that AN N is also generated
by subnormal subgroups which are either nilpotent or quasi-simple. Furthermore,
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since (A N N)lsn N, the subnormal subgroups of A N N are locally subnormal
in N. Consequently, AN N C F*(N) and we have the reverse inclusion, namely
F*(G) NN C F*(N). O

Note that parts (i) and (ii) above show that F*(G) is “large” in S(G). On
the other hand, the next result shows that it is “small”. For this, we need some
additional notation.

If H and V are subgroups of GG, then we define the almost or finitary centralizer
of V in H by

Dy(V)={he€ H||V:Cy(h)| < oo},

and it is easy to see that Dy (V) is a subgroup of H. Furthermore, if H normalizes
V', then Dy (V) is the normal subgroup of H consisting of those elements which act
in a finitary manner on V. Note that

D¢(G) = A(G) = {z € G| |G : Cg(x)| < oo},

and this group is called the finite conjugate or f.c. center of G since it consists of
those elements belonging to finite conjugacy classes. We say that G is an f.c. group
if G = A(G) and, in the context of locally finite groups, this is equivalent to G
being locally normal. In other words, G = A(G) if and only if every finite subgroup
of G is contained in a finite normal subgroup (see [P5, Lemma 4.1.8]). In fact, if G
is an arbitrary periodic group, then A(G) is generated by, and hence is the join of,
the finite normal subgroups of G.

Lemma 4.4. Let m be a set of primes and let G be a locally finite group with
0-(F(Q)) finite. Then

S™(G) € Dg(F*(G)).
In particular, if F*(G) C S™(G), then F*(G) is an f.c. group.

Proof. Let N be the subgroup of F*(G) generated by all locally subnormal sub-
groups A such that A is either a nilpotent 7’-group or a quasi-simple group. Then
clearly F*(G) = NO,(F(QG)), so the hypothesis implies that |[F*(G) : N| < co. Now
fix Blsn G with B = B™ and let A be a generator of N. If A is nilpotent, then
the local version of Lemma 2.10 implies that A normalizes B, and if A is quasi-
simple, then the local version of Lemma 2.7(ii) yields the same conclusion. Thus N
normalizes B and, since B is finite, we conclude that B has a centralizer of finite
index in N and hence in F*(G). In other words, B C D (F*(G)) and, since S™(G)
is generated by all such B, the result follows. O

Let H C X be finite groups. Since the set of subnormal subgroups of X is closed
under intersection, it follows that there is a unique smallest subnormal subgroup S
of X which contains H. This is called the subnormal closure of H in X, and we
denote it by S = HXI. If H® is the normal closure of H in S, then H C H%<S<<a X,
so the minimal nature of S implies that S = H®. In fact, S is characterized by the
two properties

i. HC S« X, and

ii. S =H",
since (ii) implies that H cannot be contained in a proper normal subgroup of S,
and hence it is not in a proper subnormal subgroup of S. Note that, if X is a
homomorphic image of X, and if H and S are as above, then H C S << X and
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S = H®. Thus S is the subnormal closure of H in X. In general, subnormal
closures do not exist for arbitrary subgroups of infinite groups.

Now if H C X C Y are all finite, then H C H N X 99 X. Thus the minimal
nature of HX! implies that HX! € H¥'n X € HY!, and this inclusion allows
us to define a local subnormal closure for finite subgroups of locally finite groups.
Specifically, if H is a finite subgroup of the locally finite group G, then we set

HIG — UH[X]
X

where the union is over all finite subgroups X of G containing H. Note that, if G
is finite, then the inclusion HX! € HI¥) immediately implies that the two possible
meanings for H(! are, in fact, the same. Some basic properties are as follows.

Lemma 4.5. Let H be a finite subgroup of G, and set S = HL),

i. S is a subgroup of G containing H, and S = HS! is the local subnormal
closure of H in S.

ii. If £ is a local system for G, then {HW | L € £, L D H} is a local system
for the subgroup S.

iii. If Alsn S, then AlsnG.

iv. S = H¥ is the normal closure of H in S, and Ng(H) C Ng(S).
6]

=

v. If 7: G — G is an epimorphism, then S = H

Proof. (i) If X and Y are finite subgroups of G containing H and if Z = (X,Y),
then <H[X],H[Y]) C HZ C HICI. Thus S = HI is a subgroup of G with the set
of all such HX! as a local system. Finally, if L = HIX] C S, then we know that
H is contained in no proper subnormal subgroup of L. Thus L = H1 C HIS! and
HISI DYy HXI = 8.

(ii) Let X be a finite subgroup of S. Then (i) implies that X € H! for some
finite subgroup Y of G containing H. Furthermore, since L is a local system for G,
there exists L € £ with Y C L. Thus X C HIY! € HIF C HIE as required.

(iii) Let Alsn S and, by (i), let X be a finite subgroup of G containing H
with A € HX!. Now let B be any finite subgroup of G containing X. Then
AcC HXI c gIBl € HIG so A«aH!P! since AlsnS. But HB!w< B, so we conclude
that A << B, and hence Alsn G.

(iv) The equality S = H? is clear since H® contains each H (X1, For the remaining
part, let g € Ng(H) and let Y be any finite subgroup of G containing g and H.
Then H C HY! implies that H = ¢'Hg C ¢~ 'H¥lg. But the latter group
is also subnormal in Y, so ¢g"'H¥lg = HI¥] and it follows that ¢ normalizes
S =HI¢ =, HY],

(v) If X is a finite subgroup of G’ containing H, then X is a finite subgroup of G
containing H. Conversely, if Y is a finite subgroup of G containing H, then there
exists a finite subgroup X of G containing H with X = Y. Furthermore, as we
observed above, HI*! is the image of HX] under the map ~: X — X. Thus, since
S=HE = HX and HI® = |J¢ HX, the result follows. O

We remark that part (iii) above allows us to reduce semiprimitivity considera-
tions to certain local subnormal closures. However, it is the condition S = H® in
part (iv) which really turns out to be crucial. We close this section with

Lemma 4.6. Let H be a finite subgroup of G and set S = Hl. Then
i. S(G)NS =S(S),
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ii. F(G)NS =F(S), and
iii. F*(G)NS =TF*(9).

Proof. By Lemma 4.5(iii) we have S(S) C S(G), F(S) C F(G) and F*(S) C F*(G).
Thus parts (i) and (ii) of this lemma follow immediately from Lemmas 4.1(iii)
and 4.2(iii). It remains to show that F*(G) N S C F*(5).

To this end, let Alsn G be generated by subnormal subgroups which are either
nilpotent or quasi-simple and let L be any finite subgroup of S = HI¢ containing
AN S. By Lemma 4.5(i), there exists a finite subgroup X of G containing H with
L C HXI and we set Y = (A, X). Then B = HY1 4aY and

AnScrLcHX cHY = BC .

Now observe that both A and B are subnormal in Y since A lsn G. Thus, since
ANS = ANB, we see that ANS<<Y . In particular, ANS<<L and we conclude that
ANSlsnS. Furthermore ANS << A, so Lemma 2.8 implies that AN .S is generated
by subnormal subgroups which are either nilpotent or quasi-simple. Indeed, since
AN Slsn S, these subnormal subgroups are all locally subnormal in S and hence
contained in F*(S). In other words, AN .S C F*(S) and the lemma is proved. O

5. FINITARY LINEAR GROUPS

Next, we turn our attention to locally finite, finitary groups. To start with, we
say that G acts in a finitary manner on the group V if |V : Cy(z)| < oo for all
x € G. Furthermore, G acts in a strongly finitary manner if the action is finitary
and if all G-stable subgroups of V' are normal in V. In particular, both of these
concepts include the usual notion of a finitary action of a group G on a vector
space V over a finite field. Notice that we do not assume, at this point, that G
acts faithfully on V. Note further that if GG is strongly finitary on V' and if W is a
G-stable subgroup of V', then GG acts in a strongly finitary manner on both W and
V/W. Of course, G acts irreducibly on V if and only if V has no proper G-stable
normal subgroup.

Lemma 5.1. Let G act in a strongly finitary manner on the group V', and assume
that G = HC is the normal closure of some finite subgroup H. Then V has a finite
chain

1=V CWC--CV,=V

of G-stable normal subgroups such that, for each i, either G acts irreducibly on
Vi = V;/Vi_1 or it acts trivially on this quotient.

Proof. Since G acts in a strongly finitary manner on V and since H is a finite
subgroup of G, it follows that |V : Cy (H)| = k < 00, and we proceed by induction
on k. Of course if k = 1, then H centralizes V and hence G = H® also centralizes
V. Now suppose that k£ > 1 and that the result holds for all such situations with
parameter less than k.

Let X7 = Cy(G), so that X; is the largest G-stable normal subgroup of V' on
which G acts trivially. Furthermore, let Xo/X; be the centralizer of G in V/ X7, and
note that X5 is also G-stable. If X5 is strictly larger than X5, then G, and hence
also H, acts nontrivially on this group. Consequently, Lemma 3.5(ii) implies that
|V/Xa : Cy/x,(H)| < k. Thus, by induction, V/ X, has an appropriate G-stable
series, and therefore the same is clearly true for V. In other words, it now suffices
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to assume that X = X3, and since |V/X; : Cy/x, (H)| < k, we can replace V by
V/X; and assume that Cy (G) = 1.

Similarly, observe that Y7 = [V,G] is a G-stable subgroup of V' and that G
acts trivially on V/Y;. Furthermore, if Y2 = [¥7,G], then G stabilizes the chain
1 CY1/Ys CV/Y, and acts trivially on each factor. Again, if Y7 is strictly larger
than Y3, then G, and hence also H, acts nontrivially on V/Ya, so Lemma 3.5(i)
implies that |Y2 : Cy, (H)| < k. Thus, by induction, Y5 has an appropriate G-stable
series, and therefore the same is clearly true for V. Consequently, it suffices to
assume that Y7 = Y2, and we can now replace V' by Y7 and suppose that [V,G] = V.
In particular, G acts nontrivially on every nonidentity G-stable factor group of V.

Now if G acts irreducibly on V', then we are done. Thus, we may suppose that
W is a nontrivial G-stable subgroup of V. By the comments of the preceding two
paragraphs, we know that G, and hence also H, acts nontrivially on both W and
V/W. Thus Lemma 3.5 yields [W : Cw (H)| < k and |[V/W : Cy,w(H)| < k, so
induction applies to the action of G on W and on V/W. Consequently, both W
and V/W have appropriate G-stable normal series, and by putting these together
we obtain such a series for V. O

For convenience, we record the following elementary observation.

Lemma 5.2. Let G act in a finitary manner on V, and let H be a finite normal
subgroup of G.
i. Cy(H) is a G-stable subgroup of V of finite index, and [V, H] is a finite
G-stable subgroup of V.
ii. If G acts irreducibly on V and V is infinite, then H acts trivially on V. In
particular, A(G) acts trivially on V.

Proof. Part (i) is obvious since V is locally finite. For (ii), note that G stabilizes
Cy (H), a subgroup of V of finite index, and hence G stabilizes N = corey Cy (H),
the largest normal subgroup of V' contained in Cy (H). But G acts irreducibly on
the infinite group V, and |V : N| < oco. Consequently, V.= N C Cy(H), and H
acts trivially on V. O

We can now prove the version of [P4, Theorem 4.1] we require.

Proposition 5.3. Let H be a finite subgroup of the locally finite group G and
suppose that G = S(G)H. If [F*(G) : Cp+(q)(H)| < o0, then G = S(G).

Proof. Tt clearly suffices to prove that H C S(G) and, for this, we proceed in a
series of steps.

Step 1. We can assume that G = HIG is the local subnormal closure of H. In
particular, G = H® = Dg(F*(G)) and F*(G) is an f.c. group.

Proof. Let S = HIS) be the local subnormal closure of H in G and observe that
HCSCG=S(G)H. Thus S = (SNS(G))H = S(S)H by Lemma 4.6(i).
Furthermore, F*(S) C F*(G), so |[F*(S) : Cpe(g)(H)| < [F*(G) : Cpe(e)(H)| < o0.
In particular, S satisfies the same hypotheses as G, and since S(S) C S(G), it suffices
to prove that H C S(S). Finally, note that S = HIS! = HS by Lemma 4.5(i)(iv),
and S = H® C Dg(F*(9)) since H C Dg(F*(S)) < S. In other words, if we now
replace G by S, then G has all the appropriate properties. O
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Write F' = F(G) and V = F*(G) so that, by hypothesis, |V : Cy (H)| = k < .
Furthermore, let

E={A| AlsnG and [A, H] = A}

and define E = (A | A € £). Then E C S(G) and, as it turns out, our goal is to
prove that E is finite.

Step 2. If G = G/F, then |E: ENA(G)| < oo.
Proof. Note that £ is a local system for E and that, by Lemma 4.5,
L ={L|Lis finite, LD H, and L = H*}

is a local system for G = HIG, Tet A e andlet L € £ with L D A. Since
[V : Cy(L)| < o0, it follows that the commutator group W = [V, L] is finite and
L-stable. Furthermore, the action of L on W' satisfies the hypotheses of Lemma 3.6.
Thus, the latter result implies that there exist subgroups Ap < A with |A : AL| <

a(k) and L <L with |L : L| < B(k,|A]), such that the commutator group [Az, L] is
unipotent on W. Indeed, since W = [V, L], we see that L acts trivially on V/W,
and therefore [AL, ~] is unipotent on V.

Note that [Ar,L] < L < L and that [A;, L] C AF. Thus, since A" Isn G and
AL C L, it follows that [Af, ] Isn G, and we conclude from Lemma 4.3(i) that
[A 1, L] € F. In other words, A;, and L commute modulo F, so the centralizer of
ApF/F in LF/F has index < 8(k,|Al|). Of course, A;, depends upon L, but since
A has only finitely many subgroups and since £ is a local system for G, it follows
easily from the above that there exists A < A with |A : A| < a(k) and such that
AF/F has centralizer of index < 3(k, |A|) in G = G/F.

Thus AF/F C A(G) and hence |[A: ANA(G 7)| < a(k). But € is a local system
for E, so it now follows easily that |E : E N A(G)| < a(k) and, in particular, this
index is finite. |

Step 3. |[E: ENF| < 0.

Proof. Since G = Dg(V) and G 2 V, it follows that G is strongly finitary in its
conjugation action on V. Furthermore, since G = H®, we conclude from Lemma 5.1
that V' has a finite chain

1=V CWC--CV,=V

of G-stable normal subgroups such that, for each 4, either G acts irreducibly on
V.=V, /Vi_1 or it acts trivially on this quotient. We first observe that F is trivial
on each Vj.

For this, we can certainly assume that G acts irreducibly on V;. Furthermore,
since V is an f.c. group, there exists a finite normal subgroup N; of V', contained
in V;, with 1 # N; = N;V;_1/Vi_1 C V;/Vi_y. If D; = Cp(N;), then D; < F and
|F : D;| < oo. Thus there exists A;lsn F' with F' = D; A; and, by Lemma 4.3(i), the
action of A; on V is locally unipotent. Thus A; is unipotent on NV;, so it follows that
F' is unipotent on N; and hence clearly Cy, (F) # 1. Consequently, Cy, (F) # 1
and, since the latter is a G-stable subgroup of V;, we must have Cy, (F) = V; and
therefore F' does indeed act trivially on this module.

In other words, G/ F acts on each V;. Furthermore, it follows from the preceding
lemma that A(G / F) acts trivially on V; if either G acts trivially on V; or G acts
irreducibly on V; with V; infinite. Consequently, Step 2 implies that £ has a normal
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subgroup FEy of finite index such that EygF/F acts trivially on each V;. Thus Ej is
unipotent on V', and since Ej is generated by locally subnormal subgroups of G, it
follows that Fy C F and hence that |E: ENF| < oo. O

Step 4. FE is finite and EH lsn G. Thus H C S(G), as required.

Proof. Since H centralizes a subgroup of F of finite index and since |E : EN F| <
oo, it follows that H centralizes a subgroup of E of finite index. In particular,
H C A(FH) and, since H is finite, this implies that [F, H]| is finite. But certainly
E = [E, H] and therefore we conclude that E is indeed finite. The goal now is to
show that FHlsnG. To this end, let L be any finite subgroup of G containing £ H.
Since G = S(G)H, we have L = (L N'S(G))H and thus L C AH for some Alsn G
with A" = Aand AD E.

Now define the groups A; inductively by 49 = A and A;41 = [A;, H]. By
Lemma 2.3(i1) we have A;11 <4 A;, so each A; is an H-stable locally subnormal
subgroup of G. Furthermore, Ay O F and if A; O E, then A;y; = [A;, H] D
[E, H] = E. Thus we see that A; D FE for all i. Now Ay is finite, so the descending
series Ag O A1 D As D --- must terminate at some A,. Thus A, lsn G and
Ap, = Apy1 = [An, H], s0 A, € € and A, C E. Consequently, 4, = E and we
have the descending series

AH =AH D AHDAHD---2A,H=FEH.

Finally, by definition of A;41, it follows that A;4+1H < A;H. Thus FH << AH and
therefore EH << L since EH C L C AH. Indeed, since L is arbitrary, we have
EHlsn G, so HC EH C S(G) and the proposition is proved. O

For convenience, we say that a locally finite group V is semisimple if it is a
(weak) direct product of finite nonabelian simple groups. As usual, any normal
subgroup of V is a partial direct product of these factors and, consequently, the
minimal normal subgroups of V' are precisely the nonabelian simple factors.

We now take a closer look at the possible finitary irreducible representations of
G on a not necessarily abelian group V. The following lemma serves to define the
Primitive and Imprimitive Cases. It uses wonderful results from [Ph2] and [W2].

Proposition 5.4. Let G act irreducibly and in a finitary manner on the infinite
locally finite f.c. group V. If G = HY for some finite subgroup H of G and if N is
the kernel of the action of G on V, then we have the following two possibilities.

i. (The Primitive Case) V is an elementary abelian q-group for some prime
q and V is a primitive GF(q)[G]-module. In particular, if G denotes the
sizth derived subgroup of G, then G N/N is an infinite simple, finitary linear
group.

ii. (The Imprimitive Case) V. = [[,c7 Vi is a (weak) direct product of finite
normal subgroups which are permuted by G. If L is the kernel of the permu-
tation action of G on the collection of Vis, then G/L = FSymz or FAltz.
Furthermore, L/N is isomorphic to a subgroup of the (weak) direct product
[Licz Aut(V;) and therefore L/N is an f.c. group.

Proof. Since V is an f.c. group, it has a finite minimal normal subgroup W which
is either an elementary abelian ¢-group for some prime ¢ or a direct product of
nonabelian simple groups. Since any two distinct minimal normal subgroups of V'
commute and since V= W&, it follows that either V is an elementary abelian
g-group or it is semisimple.
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Suppose first that V is an elementary abelian g-group, so that G = G/N is an
irreducible finitary linear group over the field GF(q). If G is primitive on V, then
it follows from the main result of [Ph2] (or see [Phl, Theorem 10.12.2]) that G(©)
is infinite simple. This is of course the primitive case described in (i) above. Note
that M = G© is infinite, since G is clearly infinite and G/M C Out(M).

Next, if G is imprimitive on V, then we can write V = HieI V; as a nontrivial
(weak) direct product of subgroups permuted transitively by G. Since G = H®,
H must act nontrivially in its permutation action on the factors V; and hence it
has a nontrivial orbit. In particular, if |V : Cy(H)| = k, then Lemma 3.3 implies
that each V; has order < k and that H centralizes all but finitely many of the
Vis. Now the bound on |V;| implies that we can choose this situation with the
Vis having maximal possible order. It is then clear that G permutes the Vs in a
primitive manner, since otherwise the factors could be combined into larger groups
corresponding to nontrivial blocks of imprimitivity. Consequently, G/L C Symz is
a primitive permutation group. Furthermore, since H moves at most finitely many
points of Z and since G = HY, it follows that G/L is finitary in its permutation
action and hence G/L C FSymz. Note that V is infinite and that each V; is finite,
so T is infinite. Thus by [W2, Satz 9.4] (or see [W3, page 228]) it follows that
G/L = FSymz or FAltz.

For the structure of L, we first observe that L stabilizes each V;. Furthermore,
since L is finitary on V, it is clear that each element of L can act nontrivially on
at most finitely many of the V;. Thus the action of L on V yields an embedding of
L/N into the (weak) direct product [],.; Aut(V;). In particular, since the latter
direct product is an f.c. group, so is L/N.

Finally, if V' is semisimple, then V' = [[;,.; Vi is a (weak) direct product of
finite nonabelian simple groups. Moreover, since the V;s are the minimal normal
subgroups of V', they are permuted transitively by G. Again, this is an imprimitive
situation and the above argument yields the result. O

Note that FAltz is an infinite simple group which is a finitary linear group over
any field. Furthermore, FAlt7 <«FSymz with factor group of order 2. With this, we
can now obtain

Proposition 5.5. Let G act faithfully and in a strongly finitary manner on the
locally finite f.c. group V. If G is the normal closure of a finite subgroup H, then
G has a finite subnormal series

1=Gy<Gi<---<G,, =G

with each quotient G;/G,;_1 either infinite simple or an f.c. group. Furthermore,
each such infinite simple group is a finitary linear group over a finite field GF(q)
for some prime q involved in V.

Proof. By Lemma 5.1, V has a finite chain
1=V -CV=V

of G-stable subgroups such that, for each 4, either G acts irreducibly on V; = V; /V;_4
or it acts trivially on this quotient. We prove the proposition by induction on k,
the case k = 0 being obvious.

Suppose now that £ > 1 and let N < G be the kernel of the action of G on
V/Vi. Then, by induction, G/N has a finite subnormal series with factors as
described above. Next, let ~: G — G/Cg (V1) be the natural epimorphism. Then
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G acts faithfully on V; and certainly G = HS. If G acts irreducibly on V; and
if V7 is infinite, then the preceding proposition implies that G has an appropriate
subnormal series. On the other hand, if G acts trivially on V; or if V; is finite, then
G is finite and again this group has a suitable series. Futhermore, since N <G,
it follows that N also has a finite subnormal series with factors which are either
infinite simple or f.c. groups. Finally, observe that Cx(V;) stabilizes the chain
1 € V3 CV and acts trivially on each factor. Thus, since Cy(V7) acts faithfully
on V, it must be abelian and, by combining this fact with the subnormal series for
G/N and for N = N/Cy(V1), the result follows. O

We remark that the locally finite, simple finitary linear groups are completely
described in [H1] and [H2], and that the full force of this characterization was crucial
to the proof of the main result of [P10]. Here, we just use a minor consequence of
this characterization to show

Lemma 5.6. If G is a locally finite, simple finitary linear group and if H is a
nonidentity finite subgroup of G, then G = HIC.

Proof. Tt follows from [KWe, Proposition 4.6] and the above mentioned results of
[H1, Theorem 1.3] and [H2] that G has a local system L consisting of finite quasi-
simple groups. Indeed, £ is a Kegel system (see [KWe, Section 4A]) which, in
this context, implies that if L; € £, then there exists Lo € £ with Ly O Li and
Lin Z(Lg) =1.

Now let Ly € £ with L1 2 H and let Ly € £ be as above. Then H is not
contained in Z(Ls) so, since Ls is quasi-simple, it follows from Lemma 2.7(i) that
HE2l = 1, D Ly. Thus HI¢! D L, and, since L1 € L is arbitrary, we conclude that
HI% =G. O

It is certainly reasonable to suspect that the preceding lemma should hold for
all locally finite simple groups. However, the following clever example of Ulrich
Meierfrankenfeld shows that this is not the case.

Lemma 5.7. Let G be a locally finite simple group which is not absolutely simple.
If H is any finite subgroup of G, then HIG +£ G.

Proof. By definition, G has an ascending subnormal series Go <G <G < --- of
proper subgroups with G = |J, G;. Now let H be any finite subgroup of G, so that
H C G, for some n. If L is a finite subgroup of G containing H, then L C G,, for
some m > n and we have

HCLNG,<LNGpy1<---<LNG,, =L.

Thus HY1 C LN G,, € G, and, since L is arbitrary, we conclude that HI¢! C G,
and therefore that HIG! £ G. O

Note that [M, Section 6] proves the existence of locally finite simple groups which
are not absolutely simple.

6. A CRITICAL SITUATION

As usual, all groups considered here are assumed to be locally finite. For a fixed
prime p, we say that the triple (G, C, H) is critical if

1. C <G and G/C is an infinite simple group.

2. H = HP is a finite subgroup of G with G = HC.
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3. HCS(CH), 0,(G) =1 and G = D¢ (F(Q)).
Our goal in this section is to obtain a fairly tight structure theorem for such critical
triples. As will be apparent, this is fairly easy if G/C is not a finitary alternat-
ing group. On the other hand, the latter group seems to require a good deal of
additional work, both here and in our later ring theoretic considerations.

For any integer n, we define

Sn(G) = (A | Alsn G and len(A4) < n),
where len(A) denotes the composition length of A. Furthermore, we let
SP(G) = (A | Alsn G, len(A) <n and A = AP).

As in Lemma 4.1(ii), it is clear that SP(G) is the subgroup of S, (G) generated
by its p-elements, and certainly these are all characteristic subgroups of G. The
following is a slight extension of the main result of [P3].

Proposition 6.1. Let G be a locally finite group with Op(G) finite. Then SP(G)
is the ascending union of the f.c. groups SP(G).

Proof. We must show that each SP(G) is an f.c. group. To this end, let ~: G —
G/0,(G) = G denote the natural epimorphism. If X = SE(G), then it is clear
that X C SE(G), and note that SE(G) is an f.c. group by [P3, Corollary 2] since
0,(G) = 1. Thus X is an f.c. group and hence it is generated by finite normal
subgroups. Since O, (@) is finite and X = X/(X NO0,(Q)), it follows that X is also
generated by finite normal subgroups, and consequently X is an f.c. group. O

We now begin our study of critical triples.

Lemma 6.2. If (G,C, H) is a critical triple, then G has a finite normal series
1=CcCiC---CCs=CCG

such that, for each i, G acts either irreducibly or trivially on the quotient group

C; = C;/Ci—1. Furthermore, each such action is finitary, so each C; is an f.c. group
and no infinite simple group can be involved in C.

Proof. Since C < G, we have 0,(C) =1 and hence, since |CH : C| < oo, it follows
that O,(CH) is finite. Now H = HP? C S(CH), so there exists an integer n
with H C SE(CH) = X. Note that X is an f.c. group by Proposition 6.1, since
O,(CH) is finite. Thus there exists a finite normal subgroup N of X with H C N.
Furthermore, since CN = CH 2 X D N, it follows that X = (C N X)N and, of
course, C N X <CH. We study C' N X via the isomorphism
X_{_ (CNX)N _CNnX
N N ~ CNN’

To this end, let A be a generator of X = SP(CH) so that Alsn CH, A = AP
and len(A) < n. Then Alsn X, A = AP and len(A) < n. In particular, if B is
the complete inverse image of A in C'N X, with respect to the preceding displayed
isomorphism, then Blsn (C' N X) and len(B) < n + k where k = len(C N N).
Furthermore, note that BP maps onto A? = A and that BP Isn (C' N X) with
len(B?) <len(B) < n+k. Consequently, since CNX <1C, we have B? C S}, (C) =
D. Indeed, since the As generate X, it follows that C N X C D(C' N N). Certainly
D, as defined here, is a characteristic subgroup of C', and hence D < G. Finally,

H C Sh(CH) € SY,(CH) and clearly D = S?  (C) € S, (CH). Thus, since




4716 D. S. PASSMAN

SP.,(CH) is an f.c. group, by the preceding theorem, it follows that H C Dg(D).
But Dg(D) <G, so this group must also contain H = G, and hence G = Dg(D).

Next, since H C X <CH, we have [C,H] CCNX C D(CNN). Thus, [C, H]
is finite modulo D, so HD/D C Dg/p(C/D) < G/D. Again, using HY = G, we
conclude that G/D = D¢ ,p(C/D). In particular, both D and C/D are f.c. groups,
and therefore no infinite simple group can be involved in C.

For the remaining part, note that D is an f.c. group and that G = Dg(D), so G
acts on D in a strongly finitary manner. Thus, Lemma 5.1 implies that D has a
finite normal series of G-stable subgroups such that G acts irreducibly or trivially
on each factor group. Furthermore, each such factor is an f.c. group since D is an
f.c. group. Similarly, using G/D = D¢, p(C/D), we see that there is a finite normal
series from D to C of G-stable subgroups such that G acts trivially or irreducibly
on each quotient. By combining these two series, the result follows. O

IfC; = C; /Ci_1 is an infinite irreducible G-module, then it is either primitive or
imprimitive, as described in Proposition 5.4. Furthermore, if some C; is imprimitive,
then G must involve the finitary alternating group FAltz for some infinite set 7
and, in view of the preceding result, we must have G/C = FAltz. As we mentioned
earlier, these are the only infinite simple groups which require additional work.
Indeed, the following lemma is sufficient to handle the primitive case.

Lemma 6.3. Let (G,C, H) be a critical triple and use the notation of the preceding
lemma. Then there exists a subgroup G of G with the following properties.

i. GaG and |GO) : G| < .
ii. G acts trivially on all those C; which are either finite or trivial G-modules.
iii. C=CNG acts trivially on all those C; which are not infinite, irreducible and
imprimitive G-modules.
iv. GC = G and therefore G/C = G/C is infinite simple.

In particular, if all infinite irreducible C; are primitive G-modules, then C is a
nilpotent p’-group.

Proof. Let C; be an infinite, irreducible and primitive G-module. If §;: G —
Aut(C;) denotes the corresponding representation, then Proposition 5.4(i) implies
that 6;(G9) is infinite simple. Furthermore, since C' N G®) < G®) and since this
group cannot involve an infinite simple group by the preceding lemma, it follows
that 0;(C' N G©®) = 1. In other words, C' N G©®) acts trivially on all C; which are
infinite irreducible and primitive, and of course it acts trivially on all C; which are
trivial G-modules.

Now let J < G be the kernel of the action of G on all finite C;. Then G/J is
finite and hence G = G(®) N J is a normal subgroup of G having finite index in G(®).
Furthermore, by the above, C = C NG = (CNG©)NJ is a subgroup of C' which
acts trivially on all those C; which are not infinite, irreducible and imprimitive
G-modules. This proves the first three parts, and the fourth is immediate. Indeed,
since G/C is infinite simple, it follows first that G(©)C' = G and then that GC' = G.
Thus G/C = GC/C =G/C.

Finally, if no imprimitive modules occur, then C' C C acts trivially on all C; and
this clearly implies that C' is nilpotent. But Q,(G) = 1, so @,(C) = 1 and hence
C is a p/-group. O
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The final observation above is sufficient to handle the Jacobson radical problem in
the primitive case, since the main result of [P10] guarantees that any characteristic
p twisted group algebra of such a group G is necessarily semiprimitive.

The goal now is to obtain a better understanding of the subgroup C when im-
primitive G-modules occur. To this end, let Z be an infinite set of cardinality equal
to that of G/C and let 2 = FAltz denote the finitary alternating group on Z.
Furthermore, if ¢ € 7, let 2A; denote the stabilizer of ¢ in %A, so that A; = A. The
following two results isolate the basic properties of A-modules which we require.

Lemma 6.4. Let C<G with G/C =2 = FAltz and let V = [[,.1 Vi be the (weak)
direct product of the finite groups V;. Suppose that G acts on V in such a way that
(Vi) = Vi, where ig is the image of i € T under the permutation Cg € A. Now let
L be a G-stable subgroup of V' and define L; ; = LNV;V; for all distinct 1,5 € 7.
Then we have

1. ngj = Lig,jg and Lj)i = Li)j L.

ii. Ly C LjgLyj; for all distinct 3,5,k € L.

iii. L = <Li)j | 1,] € I>
Proof. Part (i) is obvious. For the remainder, let v = vivovs---v, € L with
v; € Vi, and let k and k' be distinct elements of Z different from 1,2,... ,n. If
S = LiyLog---Lpg, then we claim that v € S. To this end, let B/C = B =
Ao NA3 N ---N A, and observe that B stabilizes the finite group W = VLoV --- V.
Thus, B has a subgroup By of finite index which centralizes W. But B = 2 has
no proper subgroup of finite index, so By maps onto 8 and, in particular, there
exists g € By which corresponds to the 3-cycle (1 k k’). Since g € By centralizes
V9,03, ... ,Un, W& have v9 = uyvov3 - - v, € L where u; = vf € Vi, and therefore

vlul_l =w e LNWViV, =L,

Similarly, there exist elements ug, us, ... ,un € Vi with v;u; le L; 1 and, by mul-
tiplying these in order, we obtain

vu =vvg - vu €S C L

where u = uflugl---ugl eVi. Btve L,souc LNV, CLNV,V;, = Ly, and
therefore v € S, as required.

This, of course, proves part (iii) since every element of L is of the given form.
Furthermore, with n = 2, the above yields L1 = LNV Vao C Ly Lo, and the
result follows. O

As is well known, L need not be generated by its subgroups L N V;. Indeed, let
G =2 and let V be the natural permutation module for G over any finite field F
(in additive notation). If L denotes the set of all elements of V' with coefficient sum
0, then L is a G-submodule of V with LNV; =0 for all i € Z. Thus L is certainly
not generated by these intersections. Now we need a converse of sorts.

Lemma 6.5. Let C <G with G/C = A = FAltz and let G act on the group V.
Suppose that V' contains a family {L; ; | i,j € Z, i # j} of finite normal subgroups
such that
1. (Li,;)? = Lig,jq where ig is the image of i € T under the permutation Cg € 2,
and
2. Lj;=Li; CLjyLyg; for all distinct i,j,k € 1.
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IfL = (L;; |i,j € I), then V has G-stable normal subgroups D C X C L and
finite normal subgroups X; for i € T with the following properties.

i. D is finite and L/ X is abelian.

ii. DC X; CX and X/D is the (weak) direct product [];.;(X:/D).

i, (X;)? = Xig forallieZ and g € G.
Furthermore, we have

iv. [Xi,Ljx) €D and X; C Ly for all distinct 1, j,k € T.
Proof. First let 4, j,a,b,a’,b’ be six distinct elements of Z and let B/C = B =
2; NA;. Then B stabilizes the finite group L; j, and therefore some subgroup By of
finite index in B centralizes L; ;. Moreover, since ‘B = 2 has no proper subgroup of
finite index, it follows that By maps onto B. In particular, there exists an element
g € By which corresponds to the permutation (a o')(b V’). Since g € By centralizes
L; j, we conclude that

Li)j N La,b = (Li)j n La’b)g = Lig,jg N Lag,bg = Liﬂ' N La’,b/-

It is now easy to see that all such intersections are equal.
To start with, let {1,2, 3,4} and {a, b, ¢, d} be disjoint subsets of Z, each of size
4. Then, by the above, we have

LopyNLeg=LapyNL3ys=Li2NL3y.

Finally, let {a,b, c,d} be an arbitrary set of size 4 and let {a’,b’, ', d’'} be disjoint
from this set and from {1,2,3,4}. Then
La,b N Lc,d = La’7b’ N Lc’7d’ = L172 N L3,4~

In particular, if we set D = Ly 2 N L34, then D is a finite normal subgroup of V
and Lgp N Le g = D for all subsets {a,b,c,d} of T of size 4. By (1), it is clear that
D is G-stable.

Now we repeat this argument, but this time with sets of size 2. To start with,
let i,a,b,a’,b', ¢ be distinct members of Z and let B/C =B = A; NA,. Then B
has a subgroup By of finite index which centralizes L; , and therefore there exists
g € By which corresponds to the 3-cycle (b b ¢). Since g centralizes L; o, we have

Li,a N Li7b = (Li,a N Li7b)g = Lig7ag N Lig,bg = Li7a N Li7b’7

and it is now easy to see that all such intersections, for a fixed i, are equal.
Indeed, let {1,2} and {a, b} be disjoint subsets of 7\ {i} of size 2. Then, by the
above, we have

LiaNLjp=1L;qNLijo=L;1NL;po.
Furthermore, if {a, b} is any subset of size 2 not containing 4, choose another such
set {a’, b’} which is disjoint from it and from {1,2}. Then
LiogNLjp=L;o NLiy =1L;1NLjs.
In particular, if we let X; = L;1 N L; 2, then X; = L, , N L;;, for all sets {i,a, b}
of size 3. It follows that X; is a finite normal subgroup of V, and assumption (1)
yields (Xi)g = Xig'
Furthermore, if 4, j, k are distinct, then
[Xl', Lj,k] - Xz N Lj,k = Li,l N Li72 N Lj,k
=(L;aNLjx)N(Li2NLjx)=DND=D,
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where we chose 1,2 to be distinct elements of Z \ {i, 7, k}. In particular, we now
know that X; O D and, since X; = L; N Lj -, it follows that

X;NX; =(X;NLjx)N(X;NLjp)=DND=D.

For the remainder of the proof, let X = (X, | i € Z), so that X is a G-stable normal
subgroup of V with D C X C L.

To show that L/X is abelian, consider L; ;. By assumption (2), we see that L
is generated by all L, with {a,b} # {4, j}. Since [L; j, Loy € Lij N Lap € X by
the preceding considerations, it follows that [L; ;, L] € X and thus [L, L] CX.

Finally, set X/D = X and X;/D = X,;. Furthermore, let V; be another copy of
X; and let V = [I;cz Vi be the external (weak) direct product of the Vis. Since
X,nX j = 1 for ¢ # j, these generating subgroups of X centralize each other, and
thus there exists a natural epimorphism 6: V — X with 6(V;) = X;. Moreover,
since G acts on X by permuting the X;s, there is an obvious action of G on V
which makes 6 a G-homomorphism. In particular, ker 6 is a G-stable subgroup of
V. Note that X; N X; = 1 implies that X;X; = X; x X; is an internal direct
product, and hence ker § N V;V; = 1. Lemma 6.4(iii) now implies that ker 6 = 1, so
6 is an isomorphism and X/D is the (weak) direct product [[,.7(Xi/D). O

Obviously, more can be said about the abelian quotient L/ X, but that additional
information will not be needed here. We can now obtain our main result on critical
triples. For this, it is convenient to begin with a brief discussion of two facts which
are required for its proof.

First, if a group G is generated by the family of normal subgroups {N; | i € T},
then GP is generated by the normal subgroups N’. Indeed, if M = (N? | i € I),
then M <G and M C GP. Furthermore, since N; N M 2 N?. it follows that G/M is
generated by the normal p’-subgroups N;/(N; N M). Thus G/M is a p’-group and
GP = M, as required.

Second, we note that any isomorphism o: FAlty — FAltx with |Z| > 6 must
arise from a one-to-one correspondence ¢* between the elements of Z and those
of K. Indeed, the existence of ¢ implies that Z and K necessarily have the same
cardinality. Thus there exists a one-to-one correspondence 7*: Z — K and this gives
rise to an isomorphism 7: FAlt; — FAltx. But then 77 lo € Aut(FAlt;g) = Symyg,
by [Sc, Theorem 11.4. 8(4)]7 so 77l arises from a permutation n* € Symy, and
consequently o = 7(7~ 1) arises from the one-to-one correspondence 7*n*: Z — K.

Proposition 6.6. For a fized prime p, let (G,C,H) be a critical triple and, in
the notation of Lemma 6.2, assume that some C, is an infinite irreducible and
imprimitive G-module. Then G/C = A = FAltz for some infinite set Z, and G has
normal subgroups DCXCLCCCGQG with the following properties.
|G6) Gl <o0,C=CNG,GC =G, and G/C =G/C =4,

ii. L=CP, so that C/L s a p’-group.

iii. Disa finite abelian p'-group which is central in Gr.

iv. L is an f.c. group, and I:/X is an abelian p-group.
. There exist finite normal subgroups X; of C, for all i € T, with (Xi)g = f(ig

where ig is the image of i € T under the permutation Cg € 2.

vi. D C X; C X and X/D is the (weak) direct product [Liez(X X;/D).
Furthermore, we have

vii. X;/D C (Cp,p(Xi/D))P for all distinct i,j € .

<
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Proof. Since some C, is an infinite irreducible and imprimitive G-module, we know
that G/C = 2 = FAltz, where we take Z to be a fixed infinite set of the same
cardinality as that of G/C. Furthermore, we fix the preceding isomorphism, thereby
identifying G/C with 2. Let G be the normal subgroup of G given by Lemma 6.3
and observe that (i) is now satisfied.

Suppose C, is any infinite irreducible and imprimitive G-module which occurs in
the series given by Lemma 6.2. Then by Proposition 5.4(ii), C, is the (weak) direct
product [ ], Wi of the finite subgroups W}, and G' permutes these factors as the
finitary alternating or symmetric group on K. In particular, since C' < G cannot
involve an infinite simple group, C' must be in the kernel of this permutation action,
and consequently we obtain an isomorphism G/C = FAltz = FAltx. But, as we
observed above, any such isomorphism FAlty & FAltx must arise from a one-to-
one correspondence between the elements of 7 and those of K. In other words,
we can reindex the factors Wy of C, with the elements of the set Z in such a way
that G/C = FAltz permutes these factors in the natural manner. We now suitably
reindex each such C, which occurs.

Let V be the direct sum of the finitely many C,s which are infinite irreducible
and imprimitive G-modules. By the above observation, we can combine the factors
of the various Cys corresponding to the same index i € Z and write V =[],.; V; as
a (weak) direct product of finite normal subgroups which are permuted by G via its
homomorphism to the finitary alternating group G/C = 2 = FAltz. Furthermore,
since C is the kernel of this homomorphism, C stabilizes each V; and, by Lemma 6.2,
C' is finitary in its action on V. Let T denote the kernel of the action of C' on V,
so that T is certainly G-stable.

Now, by using the homomorphism G — Aut(V'), we see that G acts on Aut(V)
in a natural manner and hence it acts on the (weak) direct product HzeI Aut(V;).
Furthermore, (Aut(V;))? = Aut(V;,), each Aut(V;) is finite, and C/T is a G-stable
subgroup of HiGI Aut(V;) since C acts in a finitary manner on V. Thus Lemma 6.4
applies to this situation, and it follows that there are finite normal subgroups Ti7 i/ T
of C /T, for all distinct ¢, j € Z, which satisfy the conclusion of that result.

By definition and Lemma 6.3(iii), T acts trivially on all C, and, since T' C C, it
follows that 7" is nilpotent. Hence, since T <G, we have Q,(T) = 1 and thus T is a
p'-group. Furthermore, T C F(G) and note that G = D¢(F(G)) by assumption (3)
in the definition of a critical triple. Thus T;; C Dg(T) and, since [T}, : T| < oo,
this implies that Tm is an f.c. group. Consequently, T” = Ni,jT for some finite
normal subgroup N; ; of T ; and then Tfj = Nf)’jfp = Nf)’j is finite.

Let L = C? so that L < G and é//i is a p’-group. Since C is generated by its
normal subgroups 7T}, j» it follows that L is generated by its finite normal subgroups
Lm» = ij and hence L is an f.c. group. Of course, (T} ;)9 = Ty, implies that

(Li

\_/

= Lig jg. Furthermore, since TZ i C E ka j» we have
Lij= T ;< (T3, 1T )P = Tfkj’;ﬁj = LiyLy;,

and we can now apply the preceding lemma to the G-module L. This yields the
subgroups D, X and X;, for all i € Z, and with this, parts (ii), (v) and (vi) hold.
Next, if 7,7, k are distinct elements of Z then, by Lemma 6.5(iv), X; C L; and
Lj « centralizes X; modulo D. Thus, since LJ w=TP 1 1s generated by p- elements,
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part (vii) is proved. In addition, since f//X is abelian and L = C? is generated by
p-elements, we conclude that f// X is an abelian p-group, as required for part (iv).

Finally, let D, = D N C,, where the C,s are the normal subgroups of G defined
in Lemma 6.2. Then

1=DyCDy C---CDy=D

is a series of normal subgroups of G and D, / D,_y is isomorphic to a normal G-
submodule of C, = C,/Cr_1. Since D is finite, it follows that Dr/bT_l =1
if C, is an infinite simple G-module. On the other hand, if C, is a trivial G-
module or a finite module, then Lemma 6.3(ii) implies that G acts trivially on C,
and hence on D /DT 1. In partlcular D is a finite nilpotent group and, since
(O),,(G) = 1, it follows that D is a p’-group. Furthermore, if g is any element of
G, then (D g) = D<g> is also a finite nilpotent ~group, and therefore if g is a p-
element, then g centralizes D. In other words, D is centralized by GP and, since
D C L =CP C GP, we conclude that D is abelian. This yields part (iii), and the
proposition is proved. O

In Section 10, we will compute the Jacobson radical of characteristic p twisted
group algebras of any group G as given above. The argument is ad hoc and requires
the following two properties of finitary permutation groups.

Lemma 6.7. Let  be an infinite set and let G be a subgroup of the finitary sym-
metric group FSymgq. If the stabilizer Ga = {g € G | Ag = A} of every finite subset
A C Q has only infinite orbits on the complementary set Q\ A, then S(G) = 1.
In particular, if Q = QL U Qo U---UQy is a disjoint union of infinite sets and if
G D FAltq, x FAltg, x --- x FAltq, , then S(G) =1

Proof. Suppose by way of contradiction that S(G) # 1 and let A # 1 be a minimal
locally subnormal subgroup of G. Then A is simple, so either it is a g-group for
some prime ¢ or it is nonabelian simple. Since A # 1, it has an orbit A4 of size > 1
which we write as the disjoint union A = A U {a} with A # ). Let I" O A denote
the finitely many points of 2 moved by A and note that

U={geGalageT orag ' T}

is a finite union of right cosets of the stabilizers in Ga of the points in aGa NT C
Q\ A. Thus, since these subgroups all have infinite index in Ga by hypothesis,
it follows from [P5, Lemma 4.2.1] that U # Ga. In particular, we can choose
g € Ga \ U, and then ag = b is fixed by A. Furthermore, ag~! is fixed by A and
therefore a is fixed by A9. Since Ag = AU {b} is an orbit for A9, we conclude that
B = AU/{a,b} is an orbit for B = (A, A9) containing A and of size |B| = |A| + 1.
If A is a g-group, then B is a g-group by the local analog of Lemma 2.2(i). Hence
A and B both have sizes which are powers of ¢ and this is certainly a contradiction.
On the other hand, if A is nonabelian simple, then the local analog of Lemma 2.9
shows that B is semisimple and that A< B. Since this implies that |A| divides |B],
we again have a contradiction. In other words, we must have S(G) = 1, and the
remaining observation is clear. O

Finally, we have

Lemma 6.8. Let Q) be an infinite set and let G be a transitive subgroup of FSymg.
If G is generated by cycles of prime length, then G = FSymgq or FAltq. Further-
more, the latter occurs precisely when all the prime lengths are odd.
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Proof. Tt suffices to show that GG is a primitive permutation group. To this end,
let A # Q be a block of imprimitivity. Since A # Q and G is transitive, there
exists a generator g € G, namely a g-cycle for some prime ¢, with Ag # A. Thus
AgN A = (), so A contains no points fixed by g and therefore A is contained in
the set A of size ¢ consisting of those elements which are moved by g. But then
A is a block for the permutation action of (g) on A and, since the latter action is
primitive and Ag N'A = (}, we conclude that |[A] = 1. Thus G is indeed primitive
and [W2, Satz 9.4] (or see [W3, page 228]) yields the result. |

The preceding lemma has obvious generalizations, but this is all we require. Of
course, GG is transitive on 2 if and only if its generating cycles are “connected” and
“cover” the set 2.

7. TWISTED GROUP RINGS

We now move on to the ring theoretic aspects of the proof, and we start by
recording several basic results on the Jacobson radical of twisted group algebras.
The first, from reference [A], is a consequence of the fact that if H is a subgroup
of G, then K*[G] is a free right or left K*[H]-module (see also [P5, Lemmas 7.1.5
and 7.4.2]).

Lemma 7.1. Let K[G] be a twisted group algebra with G an arbitrary group. If H
is a subgroup of G, then JK'G] N K'[H] C JK'[H]. In particular, if G is locally
finite, then JK[G] is a nil ideal.

The next result, found in [V], follows from Nakayama’s Lemma and Maschke’s
Theorem (see also [P5, Theorem 7.2.7]).

Lemma 7.2. Let K'[G] be given with G an arbitrary group. If N is a mormal
subgroup of G of finite index n, then

(JK'[G))" € JK'IN]-K*[G] € JK'[G].
Furthermore, if n # 0 in K, then JK'G] = JK[N]-K[G].

In particular, if char K = p > 0 and G/N is a finite p’-group, then the latter
equality holds. More generally, we have

Lemma 7.3. Let K'[G] be a twisted group algebra and let N <« G. If G/N is a
locally finite group, then JK'[N]-K![G] C JK'G]. Furthermore, if char K = p >
0 and G/N s a p'-group, then JK'[G] = JK'[N]-K*[G].

Proof. Since G/N is locally finite, it follows that
JK'IN-K'[G] = | JTK'[N]-K'[X]
X

where the union is over all groups X with N C X C G and |X : N| < co. Moreover,
by the preceding lemma, we have JK![N]-K*[X] C JK'[X] and, in particular,
every element of JK![N]-K'[X] is quasi-regular. It follows that J K*![N]-K![G] is
a quasi-regular ideal of K*[G] and therefore this ideal is contained in JK*[G].

For the other direction, suppose that char K = p > 0 and that G/N is a p'-
group. If @ € JK!G] then, since G/N is locally finite, there exists a group
X as above with a € K'[X]. But then a € JK'G] N K'[X] C JK![X], by
Lemma 7.1, and hence, since X/N is a p’-group, it follows from Lemma 7.2 that
a € JKYN]-K!X] C JK![N]-K[G]. O
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In the remainder of this section, all groups considered will be locally finite and
K will denote a fixed field of characteristic p > 0. Furthermore, we will assume
that K'[G] is a given twisted group algebra of G over K.

Lemma 7.4. If A is locally subnormal in G, then JK'[A] C JK![G].

Proof. If B is any finite subgroup of G containing A, then A << B and hence
JK'A] € JK'B] by Lemma 7.2 and induction. In particular, JK*[A]-K'[B]
is a nil right ideal of K*[B] and hence JK'[A]- K'[G] = Uz JK'[A]-K*[B] is a nil
right ideal of K*[G]. O

If H is a subgroup of G, then we define the twisted centralizer of H in G by
CL(H)={g€ G|gh=hgforal hec H},

and it is easy to see that Cl,(H) is a subgroup of G contained in Cg(H). Indeed,
we have

Lemma 7.5. Let K'[G] be given and let H C G. Then Ng(H) acts on K'[H] by
conjugation, and the kernel of this action is CL(H). Furthermore, No(H)/Cq(H)
is isomorphic to a subgroup of Aut(H), and Cq(H)/CL(H) is isomorphic to a
subgroup of the dual group Hom(H, K*). In particular, since K has characteristic
p >0, it follows that C(H)/CL(H) is an abelian p’-group.

Proof. For each g € Cg(H), define \y: H — K*® by g~thg = Ag(h)h for all h €
H. Then it is easy to see that A, € Hom(H,K*) and that the map Cg(H) —
Hom(H, K*) given by g + A4 is a homomorphism. Since the kernel of this map is
clearly CL (H), the lemma is proved. O

The next two lemmas are twisted versions of results from [DZ]. The proofs given
here are somewhat easier than the original arguments because we assume that G is
locally finite.

Lemma 7.6. Let H be an f.c. group and let o € K[H] with o ¢ JKt[H]. If
Y(a)={y € H|a(l —u,y) € TK'[H] for some p, € K*},
then Y (a) is a subgroup of H. Moreover, if O,(H) is finite, then Y (a) is finite.
Proof. If z,y € Y =Y (), then
a(l = pepy 2y = [l = @) — (1 — pyy)lpy 'y~ € TK'[H],
so xy~! € Y. Thus, since 1 € Y, we see that Y is a subgroup of G.

Suppose now that O,(H) is finite. Since o ¢ JK'[H], it follows that K![H]«
is not a nil left ideal, and hence there exists 3 € K![H] with Sa not nilpotent.
Furthermore, since Y(a) C Y(Ba), it suffices to prove that Y (S«) is finite, or
equivalently, we can now assume that « is not nilpotent.

By assumption, H is an f.c. group, and therefore there exists a finite normal
subgroup W of H with o € K'[W]. Furthermore, note that C = Ci (W) is a
normal subgroup of H of finite index by the preceding lemma, and of course O, (C)
is also finite. Since X =Y N C is a normal subgroup of Y of finite index, it clearly
suffices to show that X is finite.

To this end, let € X. Then a1 — pu,x) € JK'[H], so this element is nilpotent
by Lemma 7.1, and therefore [o(1—p,%)]?" = 0 for some integer n. But & commutes
with «a since z € C, so this yields

n

0= [l = )" = o (1= pup2)”" = " (1 - 7).
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In particular, since « is not nilpotent, we conclude that 2" € W. In other words,
X/(XNW) is a p-group.
Finally, if x € X and ¢ € C, then since ¢ centralizes «, we have

a(l — pee'ze) = ¢ ta(l — p.z)e € JTK[H],

so ¢ tzc € X. Thus X < C and hence Q,(X) is finite. Furthermore, note that
X NW is central in X and therefore, since X/(X NW) is a p-group, it follows that
X is locally nilpotent. Consequently, we must have X = O,(X)(X N W), so X is
finite and the lemma is proved. O

As usual, if @ = ), a,T € K'[G], then the support of « is the finite subset
of G given by suppa = {x € G | a, # 0}. The next result is a crucial intersection

theorem, namely a result which yields information about the intersection of an ideal
I <« K'|G] with K*'[D] for some D <G.

Lemma 7.7. Let F C S C D C G be normal subgroups of G with D = D¢g(F).
Furthermore, suppose that O, (G) is finite.

i. If I9KYG] and I D JKS)-KG], then I N K'[D] > JK![S]-K![D].

ii. If TK'[D] = JK'[S]-K![D)], then TK'[G] = JK'[S]-K*[G].

Proof. (i) Since I D> JK*'[S]-K*[G], we can choose o € I with o ¢ JK?![S]-K![G]
so that supp« is contained in the minimal number, say n, of cosets of S in G.
Moreover, by multiplying a by a suitable element of G, we can further assume that
1 € supp . Thus we can write

o = o101 +Q2g2 + -+ angn

with o; € K![S] and with 1 = g1,¢2,...,gn in distinct cosets of S in G. Now if
a; € JK![S] for some 4, then a;g; € JK![S]-K*[G] C I and therefore o — «;; is
an element of I, but not of J K*[S]-K*[G], whose support is contained in less than
n cosets of S, a contradiction. Thus a; ¢ JK*[S] and, in particular, the right ideal
a; Kt[S] is not nil. Choose 3; € K*[S] so that «;03; is not nilpotent.

Let W be the subgroup of S generated by F and the supports of all o; and
B;. Then clearly |W : F| < oo, so since W C S C Dg(F), we see that W is
an f.c. group. In particular, there exists a finite normal subgroup N of W which
contains the supports of all ;, and we set L = C%(N). Of course, |F : L| < oo by
Lemma 7.5 and L centralizes each «;. Note that we do not assert that either W
or L is normal in G. Now let z € L. Then o — a® € I and, since g; = 1 and Z
centralizes all «;, we have

n
a—ao® = Zai(l —grg; Hai e I
i=2

Note that x € L C F <G, so gfgl-_1 € F C S. In particular, we see that a — a®
has support contained in less than n cosets of S. Thus, by the minimality of n, we
have a — o® € JK'[S])-K*[G] and hence o;(1 — g¥g; ') € JK'[S] for all i > 1.

We now wish to apply the preceding lemma to the f.c. group W. To this end, note
that o;8; € a; Kt[W], so the latter is not a nil right ideal and hence «; ¢ J K[W]
by Lemma 7.1. Furthermore, O,(F) C O,(G), so O,(F) is finite and hence so is
O,(W). Finally, for all ¢ > 1,

ai(l - gigi') € TK'IS|NK' W] € TK'[W].
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Thus, for fixed ¢ > 1, Lemma 7.6 applies to a; and consequently gFg, leFcw
is contained in the finite group Y (;). Indeed, this holds for all z € L, so we
conclude that |L : Cr(g;)| < oo. Since the inequality |L : Cr(g;)| < oo is trivially
also true for g; = 1 and since |F : L| < oo, it follows that g; € Dg(F) = D for all
i. In other words, o € I N K'[D]. But a ¢ JK?[S]-K*t[D] since a; ¢ JK[S], so
INK'D] > JK'S]-K*[D] and part (i) is proved.

(ii) Here we let I = JK*[G] so that I O JK'[S]-K*[G] by Lemma 7.3. Further-

INK'D] C JK'[D] = JK'[S)-K*[D],

by Lemma 7.1 and the hypothesis. Thus I N K*![D] = JK*[S]-K'[D] and therefore
part (i) implies that I = JK'[S]-K*[G]. O

We will only require the first part of the above result, but the second is certainly
indicative of its power.

Next, we need some elementary properties of K¢[G]-modules when G is finite.
For example, part (ii) below is a special case of the Mackey decomposition, while
parts (i) and (iii) are aspects of Frobenius reciprocity which remain valid in charac-
teristic p > 0. Note that, if H is a subgroup of G, then Vi denotes the restriction
of the K*[G]-module V to K![H]. Furthermore, if W is a K*[H]-module, then we
write W for the induced K*[G]-module W = W @ g1y K*[G].

Lemma 7.8. Let A and B be subgroups of the finite group G, let W be an irre-
ducible K'[A]-module and let V be an irreducible K'[G]-module.

i. V is a composition factor of (Vg)©.
ii. (WY)p contains an isomorphic copy of (Wang)
iti. If A<< G and U is a composition factor of W, then W is isomorphic to a
submodule of Uga.

B

Proof. (i) If x1,x9,... 2z, is a right transversal for B in G, then it is easy to
see that the map (Vp)¢ — V given by Y, v; ® Z; — >, v;%; is a K'[G]-module
epimorphism.

(ii) If y1,y2,... ,Ym is a right transversal for AN B in B, then these elements
are also part of a transversal for A in G. Thus Y = ). W ®y; is a subspace of weé
which is easily seen to be a K![B]-submodule. Furthermore, as a K*[B]-module, Y’
is clearly determined by W4np, and hence

W p2Y = ZWAOB ® 7 & (Wanp)®.

(iii) Suppose first that A < G and let 21, 29,...,2; be a transversal for A in
G. Then WY = 3. W ® z; and each W ® %; is an irreducible K'[A]-submodule
of (W%) 4. In particular, if U is a K*[G]-composition factor of W, then Uy is
completely reducible and contains a submodule isomorphic to W ® Z; for some 1.
But U =Uz 1, so we see that Uy4 also contains a submodule isomorphic to W.

Finally, let A << G and proceed by induction along a subnormal chain joining A
to G. To this end, let A; D A with A<A; and A; <<G. If U is a composition factor
of W&, then since W& = (W41)% we see that U is isomorphic to a composition
factor of W& for some K*[A;]-module W; which is a composition factor of W4,
By induction, U4, contains an isomorphic copy of W7, and since A< A1, we see that
(W1) 4 contains an isomorphic copy of W. Thus Uy D W/ = W, and the lemma is
proved. O
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As a consequence, we have

Lemma 7.9. Let A and B be subgroups of the finite group G and suppose that
A<aG. Furthermore, let W be an irreducible Kt[A]-module, let V' be an irreducible
Kt[B]-module, and suppose that Vanp is isomorphic to a submodule of Wanp.
Then there exists an irreducible K'[G)-module U such that W is isomorphic to a
submodule of Ua and V' is a composition factor of Ug.

Proof. By parts (i) and (ii) of the preceding lemma, we have (up to isomorphism)
(W) 2 (Wang)”? 2 (Vans)”,

and the latter module has V' as a composition factor. Thus, there exists a compo-
sition factor U of W& such that V occurs as a composition factor of Ug. Finally,
since A<<G, Lemma 7.8(iii) implies that W is isomorphic to a submodule of Uy. O

We note that the above result does not remain valid when the assumption that A
is subnormal in G is dropped. For example, let G be the nonabelian group of order
6 and let K*[G] = K[G] be the ordinary group algebra with char K = p = 3. If A
and B are two distinct subgroups of order 2 and if W is the principal K[A]-module
and V is the unique nonprincipal K[B]-module, then it is clear that no appropriate
K[G]-module U can exist.

Finally, if D is any subgroup of the locally finite group G, then there is a natural
K*[D]-bimodule projection map mp: K'[G] — K*'[D] given by

TD: E Ay — E Az .

zeG xeD

In other words, mp is the linear extension of the map G — D U {0} which is the
identity on D and zero on G \ D. The following is the twisted version of [P5,
Lemmas 1.5(ii) and 1.6], and the proofs are identical.

Lemma 7.10. If I<K*[G] and D<G, then np(I) is a G-stable ideal of K*[D] with
I C np(I)-K'D]. Furthermore, D controls I if and only if 7p(I) C I, and when
this occurs, we have I N K'[D] = wp(I).

8. FINITE EXTENSIONS

In this section, we study the ideal J = J K*[SP(G)]-K*[G] under the assumption
that O,(G) is finite. Our goal is to show that J is a semiprime ideal and to
decide when it is prime. As a consequence, we show that the validity of the main
theorem can be lifted from a normal subgroup of finite index to the full group.
The arguments here are quite close to those of reference [P4], where similar results
were obtained for ordinary group algebras. Indeed, only a few minor changes are
required in the proofs.

As usual, we let K*[G] denote a twisted group algebra of the locally finite group
G over the field K of characteristic p > 0. Also, if N is a subgroup of G, then
7n: K'G] — K*'[N] denotes the natural projection map. Recall that A(G) is the
f.c. center of G which is defined by

A(G) ={g € G ||G:Cglg)| < oo},

and that, in the context of locally finite groups, A(G) is the join of all the finite
normal subgroups of G.
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Lemma 8.1. Let N be a normal subgroup of G with N = S(N), and let a and
B be elements of K'G]. If aB9 € JK'N)-K'[G] for all g € G, then either
mn(a)mn (8) € TKYN], or there exists x € supp 8 with 1 # N € A(G/N).

Proof. Write o = ap + a1 and 8 = [y + B1, where ag = mny () and Gy = 7y (0).
Furthermore, let us suppose that a3y ¢ JK![N]. Since N = S(N), it follows from
Lemma 4.1(i) that there exists Alsn N with a, 3 € K![A], and by Lemma 7.4, we
have agfBy ¢ JK'[A]. Set D = AN A(G) and let L = CL(D). Since D is a finite
subgroup of A(G), it is clear that |G : Cg(D)| < oo and hence, by Lemma 7.5, we
have |G : L| < 0.

Let a; and a; be elements of A\ D. If a; and a; are conjugate under the action of
L, choose g; ; € L with gi_)jlaigm = a;. Similarly, let z; € supp 1 and y; € supp a;.
If ; and yj_l are conjugate modulo IV under the action of L, choose h; ; € L with
h;}:z:ﬂm S yj_lN. We claim that

L= U(CL(ai)gm» U UCL(xiN)hi,j7
ij i,j
where Cp,(z;N) is the centralizer in L of the element z; N € G/N.

To this end, let g € L, so that clearly ANAY O D. If ANA9 D D, then there exist
a;,a; € A\ D with af = a;. In particular, this means that a; and a; are conjugate
under the action of L, so the definition of g; ; implies that g € Cr(a;)gs,;. Thus,
we may suppose that AN AY = D and we set E = (A, A9). Since Alsn N, it follows
that A, A9 << E.

Now apfy ¢ JK'[A], so there exists an irreducible representation X' of K'[A]
with X (cgfBo) # 0. In particular, X(ag) # 0 and X(3y) # 0. Furthermore, X9 is an
irreducible representation of K*[B] where B = A9 and X9(3]) = X(f) # 0. Since
g € CL(D), it is clear that X and X9 agree on K'[AN B] = K'[D]. Thus, since
A< E, it follows from Lemma 7.9 that there exists an irreducible representation
Y of K*[E] such that X is a constituent of the restriction of Y to K*[A], and X7
is a constituent of the restriction of ) to K*[B]. Consequently, we have Y(cg) # 0
and Y(8) # 0. But Y(K'[E]) is a prime ring, so Y(agK*[E]B]) # 0 and hence
there exists e € E with Y(ape ') # 0. In other words, ape '3 ¢ JK'[E], so
ape~ 33 ¢ JK'[N], by Lemma 7.1, and hence ag5° = ape~'3Je ¢ TK'[N].

By assumption, a39° € JK*[N]-K*[G]. Thus since ap3]° ¢ JK*[N], it follows
that the support of ay ﬂlgé must contain an element of N. In particular, there exist
y; € suppay and z; € supp 1 with y;z/° € N. Viewing this equation modulo
N and using the fact that e € E C N, we see that 2/ € yj_lN, and hence the
definition of h; ; implies that g € Cr,(x;N)h; ;. '

We have therefore shown that

L= U(CL(ai)gm» U UCL(xiN)hi,j7
ij i,j
so L is a finite union of cosets of the centralizer subgroups, and [P5, Lemma 4.2.1]
implies that one of these subgroups has finite index in L and hence in G. Now, if
|G : Cr(a;)| < o0, then a; € ANA(G) = D, a contradiction. Thus, we must have
|G : Cp(x;N)| < oo and therefore ;N € A(G/N). But x; € supp /1 = (supp 8)\ N,
so x; ¢ N and the lemma is proved. (]

The coset counting argument above exhibits the flavor of the group algebra
technique known as the Delta method. In a similar manner, we obtain
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Lemma 8.2. Let N < G with N = S(N) and let a, 3 € K*[N] satisfy a39 €
JKN] for allg € G. If NNA(G) = 1, then either o € JK![N] or f € TK'[N].

Proof. We assume, by way of contradiction, that a ¢ JK![N] and 8 ¢ JK'[N].
Since N = S(N), there exists A lsn N with o, 8 € K'[A], and Lemma 7.4 implies
that o, 3 ¢ JK'[A]. In particular, we can let X and ) be irreducible representa-
tions of K'[A] with X(«) # 0 and Y(3) # 0.

Suppose first that there exists ¢ € G with AN A9 = 1. If E = (A, AY), then
A and AY are subnormal in E. Furthermore, X is an irreducible representation
of Kt[A] and Y7 is an irreducible representation of K'[A9]. Since AN A9 = 1,
one of the restrictions X4n4s and (Y9) 4n4s must contain an isomorphic copy of
the other. Hence, by Lemma 7.9, there exists an irreducible representation Z of
K*'[E] such that X is a constituent of Z4 and )7 is a constituent of Z4s. But
Y9(59) = Y(B) # 0, and therefore Z(a) # 0 and Z(39) # 0. In particular,
since Z(K*t[FE]) is a prime ring, this yields Z(aK![E]379) # 0 and thus there exists
e € E with Z(ae=139) # 0. Consequently, a39¢ ¢ JK'[E], so Lemma 7.1 implies
that a39¢ ¢ JK'[N], contrary to the hypothesis. In other words, we must have
ANA9 #£1forall ged.

If a;,a; € A\ 1 are conjugate in G, choose g; ; € G with gl-_?jlaigm = a;. Now
let g € G. Since AN A9 # 1, there exist a;,a; € A\ 1 with a = a;. Thus a; and
a; are conjugate in G, so the definition of g; ; implies that g € Cg(a;)gs,;. In other
words, we have shown that G is the finite union

@ = JCalai)gi;,
2%
so by [P5, Lemma 4.2.1], we have |G : Cg(a;)| < oo for some i. But then 1 # a; €
ANA(G) € NNA(G), contradicting the hypothesis of the lemma. |

We can now obtain the twisted version of [P4, Theorem 5.2]. Since our main
theorem asserts that JK'[G] is equal to JK'[SP(Q)]-K'[G], it is not surprising
that the latter is a semiprime ideal. However, this fact is a necessary step in the
proof of Theorem 1.2.

Proposition 8.3. Let K'[G] be a twisted group algebra of the locally finite group G
over the field K of characteristic p > 0. If O,(G) is finite, then JK'[SP(Q)]-K*[G]
is a semiprime ideal.

Proof. Since O,(G) is finite, it follows that O,(N) is finite for all normal subgroups
N of G. Now set S = SP(G) and let F = F*(S). If D = Dg(F), then Lemma 4.4
applied to S shows that FF C S C D is a chain of normal subgroups of G. For
convenience, write J = JK![S]-K*[G] and suppose that I is an ideal of K*[G] with
I D Jand I? C J. The goal is to show that I = J. To this end, let I= INK!D].
Then we know that I is a G-stable ideal of K*[D] with I D JK?'[S]-K*[D] and
I? C JNK'[D] = JK'[S]-K*[D].

Fix o in I and let N/S C D/S be a finite normal subgroup of G/S containing
all those elements of (supp «)S which are in A(G/S). Thus N<G and |N : S| < co.
Furthermore, if € supp a has only finitely many G-conjugates modulo N, then z
has only finitely many G-conjugates modulo S, and therefore x € N by the choice
of N. We note that N = SH for some finite subgroup H of GG, and since S< N with
S =S(5), we have S C S(IV) and hence N = S(N)H. Furthermore, Lemma 4.3(iii)
implies that F*(N) NS = F*(S) = F. Thus [F*(N) : F| < oo and consequently
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|F*(N) : Cge(ny(H)| < 00 since H C D = Dg(F). As we observed, O,(N) is finite,
so we conclude from Proposition 5.3 that N = S(V).
Now fix v € K*[N] and let g € G. Then a~y € I and hence so is (a7y)?. Thus,

(a7)(an)? € I* € TK'[S]-K'[D] € TK'[N]-K'[G]

by Lemma 7.3. Furthermore, since v € K*[N], it follows that supp ary C (supp a) N
and therefore if y € supp @y with yN € A(G/N), then y € N. Lemma 8.1 applied
to the element vy now shows that (my(ay))? € JK![N] and hence 7y (o) is
nilpotent by Lemma 7.1. Of course, v € K![N], so we have my(ay) = 7y (a)y.
Thus, since v € K*[N] is arbitrary, we conclude that 7y (a)K*[N] is a nil right
ideal of K*[N], and hence 7y (o) € JK'[N].

Note that SP(G) =S C N = S(N) C S(G), so N/S is a finite p’-group and hence
JK'N] = JK!S]-K![N] by Lemma 7.2. In particular, since my(a) € JK'[N],
we conclude that

ms(a) = ws(mn(a)) € ms(TK'[S]-K'[N]) = TK'[S].
Thus 7s(7) € JK*[S], and hence
10 K*[D] = I € rs(I)-K'D] € JK[S] KD,

by Lemma 7.10. Since I D J = JK'[S]-K'[G], it now follows from Lemma 7.7(i)
that I = JK*[S]-K*[G], as required. O

In a similar manner, we prove the twisted analog of [P4, Theorem 5.3].

Proposition 8.4. Let K![G] be a twisted group algebra of the locally finite group
G over the field K of characteristic p > 0. If O,(G) = 1 and A(G) = 1, then
JKYSP(G)]-KG] is a prime ideal.

Proof. Since 0,(G) = 1, it follows that @,(N) = 1 for all normal subgroups N of
G. Now set S = SP(G) and let F =F*(S). If D = Dg(F), then Lemma 4.4 applied
to S shows that F C S C D is a chain of normal subgroups of G. For convenience,
write J = JK'[S]-K![G] and let us assume that J is not a prime ideal of K*[G].
Thus, there exist ideals I and I of K![G] properly containing J with I1ls C J.
By Lemma 7.7(i), we have I; = I; N K*[D] > JK*'[S]-K*[D] for i = 1,2. Of course,
LI, C JNK'D] = JK'[S]-K'[D].

Now I; C m5(I;)-K*[D] by Lemma 7.10, so 7s(I;) must be strictly larger than
JK*'[S]. Therefore, we can choose o; € I; with 75(ay) ¢ JK*'[S]. Let N/S C D/S
be a finite normal subgroup of G/S containing all those elements of (supp az)S
which are in A(G/S). Then N <G and |N : S| < co. Furthermore, if « € supp as
has only finitely many G-conjugates modulo N, then x has only finitely many G-
conjugates modulo S, and therefore x € N by the choice of N.

Note that N = SH for some finite subgroup H of G, and since S <« N with
S =S(S), we have S C S(IV) and hence N = S(N)H. Furthermore, Lemma 4.3(iii)
implies that F*(N) NS = F*(S) = F. Thus |F*(N) : F| < oo and, since H C D =
Dq(F), we have [F*(N) : Cg+(n)(H)| < 0o. Since Q,(N) = 1, Proposition 5.3 now
implies that N = S(N). In addition, SP(G) =S C N =S(N) C S(G), so N/S is a
finite p’-group and hence JK'[N] = JK'[S]-K*[N] by Lemma 7.2. In particular,
since mg(mn (o)) = ws (o) & TKE[S], it follows that mn () ¢ JK![N] fori=1,2.

Fix g € G. Then, for all y € G we have af? € I, and hence

maf? € LT, C JK'[S]-K'[D] € JK'[N]-K'[G]
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by Lemma 7.2. Furthermore, supp a2§ = (supp a2)9, so any element of supp ag
having only finitely many G-conjugates modulo N is contained in IV. In particular,
Lemma 8.1 applies and we have 7y (a1)mn(ad) € JK[N].

We have therefore shown that mx (o) ¢ JK[N], but that 7y (a1)ry(ad) €
JK'[N]forallg € G. Since N = S(N) and O,(N) = 1, we deduce from Lemma 8.2
that N N A(G) # 1. In particular, A(G) # 1 contrary to the hypothesis, and the
result follows. O

It is clear that some assumption like A(G) = 1 is needed to prove the primeness
of J = JK'SP(G)]-Kt[G]. For example, take G to be a finite group with G = GP
and O,(G) = 1. Then J = JK'|G] and J will not be a prime ideal when K*[G]
has at least two distinct irreducible representations.

We close this section with a crucial consequence of Proposition 8.3. It handles
those aspects of the proof of the main theorem which involve finite extensions.

Proposition 8.5. Let K![G] be a characteristic p twisted group algebra and let
N aG. Assume that Op(G) is finite and that G/N has a finite normal series with
f.c. quotients. If TK'[N] = JK'[SP(N)]-K*[N], then

JK'G] = JK'SP(G)]-K"[G].

Proof. As usual, the assumption that O,(G) is finite is inherited by all normal
subgroups of G. Suppose first that G/N is an f.c. group. Since JK![SP(G)]-K*[G] C
JK*'G] by Lemma 7.3, we need only prove the reverse inclusion. To this end, let
a € JK!G] and let H/N be a finite normal subgroup of G/N which contains
(suppa)N. Then H< G, |H : N| < 0o and o € JK![G]N K![H] C JK'[H].

If |H : N| = n, then by Lemma 7.2 and the hypothesis, we have

(JK'[H]))" € TK'[N]-K'[H] = JK'[S"(N)]-K'[H].
Furthermore, since SP(N) < SP(H), it follows that
(TKH)" € TKISP(N))-K[H) C TK'[SP(H))-K'[H]

by Lemma 7.3. But Q,(H) is finite, so JK*[SP(H)]-K'[H] is a semiprime ideal by
Proposition 8.3. Hence, we must have JK![H] C JK![SP(H)]-K![H]. Again, by
Lemma 7.3, this yields

o € JK'[H] € JK'[S(H)-K'[H] € JK'[S"(G)]-K'[G],

and the reverse inclusion is proved.
The general result now follows immediately from the above by induction on the
length of the given normal series for G/N with f.c. quotients. O

9. CROSSED PRODUCTS

If G is a locally finite group, then we know from Lemma 7.1 that JK*[G] is
a nil ideal. Of course, there is another way to see this fact. Indeed, since K*[G]
is locally finite dimensional, it is clearly an algebraic algebra, and such algebras
always have a nil Jacobson radical (see [P5, Lemma 2.3.12]). The point about
studying algebraic algebras is that this property is inherited by subalgebras and
by homomorphic images. Consequently, all such algebras R involved in K*[G]
necessarily satisfy JR = MR where, for an arbitrary ring R, we let MR denote
its nil radical, namely its unique largest nil ideal. (Recall that AR is the nilpotent
radical of R, as defined in Section 1.)
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Now let R be any ring and let G be any group. Then a crossed product R+G of G
over R is an associative ring having a copy G of G as a left R-basis. In other words,
every element o of R+G is uniquely a finite sum o = ) .. 7,7 with coefficients
ry € R and with support defined by suppa = {z € G | r, # 0}. Addition in R+G
is as expected, and multiplication is determined by the twisting and action rules
below. Specifically, if z,y € G, then

(twisting) Ty =71(x,y)TY

where 7 is a map from G X G to the group of units U(R) of R. Furthermore, if
z € G and r € R, then

(action) ri = zr°9)

where o is a map from G to Aut(R). Note that 7 and o are not group homomor-
phisms in general. The relations they are assumed to satisfy are precisely equivalent
to the associativity of the ring, and we may suppose that 1 = 1 is the identity ele-
ment of R+G.

Obviously, any group algebra or twisted group algebra is a crossed product.
Furthermore, suppose K![G] is given with N < G and let S be a transversal for
N in G. Observe that the elements of S act on R = K![N] by r* = 571r5, and
that if s1,s5 € S, then there exist s3 € S and u € N with s;s5 = us3. Since
K'G] = @3 ,.5 K'[N]5 and since there is a natural one-to-one correspondence
between the elements of S and those of G/N, it is now clear that K*[G] = Rx(G/N)
is a crossed product of G/N over R = K?![N]. In particular, crossed products
can be used to study extension problems, namely the lifting of properties from
K*[N] to K![G]. Note that, if R*G is any crossed product and if N < G, then
the preceding argument also shows that R+G = (R+N)x(G/N) where RN is the
uniquely determined sub-crossed product of RxG given by all those elements having
support in N (see [P7, Lemma 1.3]).

Again, let the crossed product R+G be given. If I <R and = € G, then I7*) =
z7 17 is clearly an ideal of R which we denote by I®. Furthermore, if z,y € G,
then (I*)¥ = I*¥, since the conjugation action of U(R) on the ideals of R is trivial.
In other words, there is a well-defined permutation action of G on the two-sided
ideals of R. Note that, if I is G-stable, then we write I*G for I(R+G), the set of
elements of RxG with all coefficients in I, and it is easy to see that I*G < R+G.
Indeed, there is a natural crossed product (R/I)*G which is obtained from R+G
via the epimorphism ) 7,Z — > (7, + I)Z and this map has kernel IxG.

Two basic properties related to the Jacobson radical are as follows.

Lemma 9.1. Let R+xG be a crossed product.

i. J=JR is a G-stable ideal of R and JxG C J(RxG) if G is locally finite.
ii. If H is a subgroup of G, then J(R+G) N RxH C J(R+H).

Proof. (i) Since o: G — Aut(R) and since J = J R is a characteristic ideal of R, it
follows that J is G-stable and, by [P7, Theorem 4.2], JxG C J(R«+G) at least when
G is finite. Finally, suppose G is locally finite and let « be an arbitrary element of
J+*G<4R+G. Then there exists a finite subgroup A of G with a € JxA C J(R*A). In
particular, « is quasi-regular, so J*G is a quasi-regular ideal of R+G and therefore
it is contained in J(RxG).

(ii) Let V be the set of elements of R+G with support disjoint from H. Then
R+G = R+H ® V, a decomposition as (R+H, RxH)-bimodules. It now follows
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easily that if € RxH is invertible in R*G, then its inverse is in R+xH. Similarly,
if « € RxH is quasi-regular in R+G, then its quasi-inverse is in R+H. Finally,
note that J N R+H is an ideal of R+H consisting of elements quasi-regular in R+G.
Consequently, this is a quasi-regular ideal of RxH and hence it is contained in
J(R+H). |

In this and the next section, we will be concerned with a particular extension
problem. To be precise, let K![G] be a twisted group algebra of the locally finite
group G over the field K of characteristic p, and let N < G with G/N an infinite
simple, finitary linear group. Then the goal is to show that if K*[N] satisfies the
conclusion of our main theorem, then so does K'[G]. For example, we might wish
to show that if JK*[N] = 0, then JK*[G] = 0. Of course, this special case has
already been proved in [P7], but we mention this fact to point out that it is not
a result about crossed products R+(G/N) with R semiprimitive. Indeed, we have
the following elementary but quite informative example.

Lemma 9.2. Let G be an arbitrary group containing an element of prime order p.
Then there exist a semiprimitive commutative algebra R over a field of characteristic
p and a crossed product RxG, such that RxG is not semiprime. In particular, RxG
s not semiprimitive.

Proof. Let H be the given subgroup of G of order p and let K be a field of char-
acteristic p. If € denotes the set of right cosets of H in G, then G permutes
Q by right multiplication, and we let wy € € correspond to the coset H. Thus
H=G,,={9€G|wyg=uwo}.

Now let R be the (complete) direct product [[, . K., where each K, is a copy
of K. Then R is a semiprimitive K-algebra, it is in fact von Neumann regular, and
the permutation action of G on ) extends to an action of G on R. In this way we
obtain a homomorphism o: G — Aut(R) and we use o to form the skew group ring
RxG. In other words, RxG is a crossed product with parameter o, as above, and
with trivial twisting, so that 7(x,y) =1 for all z,y € G. By [P7, Lemma 1.2], such
a construction always leads to an associative ring.

For each w € €, let e, denote the idempotent of R which has a 1 for its w-
coordinate and zeros elsewhere. Then g 'e, g = ewg and ege,r = 0if w # W' In
particular, e, commutes with i, and if g € G\ H and r € R, then

Cwo (rg)ewo = Tg(g_lewog)ewo = TJCuog€uw, = 0.
It now follows easily that e, (R*G)ey, = e, RxH = K[H] since e,,R = K and

the twisting is trivial. In particular, since K has characteristic p and |H| = p, we
conclude that ey, (R*G)e,, is not semiprime, and therefore neither is R+G. O

Having finished this long introduction, we now begin our work on the extension
problem. Again, all groups considered here are assumed to be locally finite. The
following is the obvious crossed product generalization of the main result of [P13].

Proposition 9.3. Let R+G be a crossed product of the locally finite group G over
the prime ring R of characteristic p > 0. If MR = 0 and SP(G) = 1, then
M(RxG) = 0.

Proof. Let I = M(RxG) and suppose, by way of contradiction, that I # 0. We
use basic results of [FMo] and [Mo] to describe the structure of R+G with R a
prime coefficient ring (see [P7, Proposition 12.4]). To start with, let S denote the
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symmetric Martindale ring of quotients of R. Then S is a prime ring containing R,
and RxG extends to a unique crossed product SxG. In particular, G “acts” on S
and we let Giy, denote the set of all g € G such that conjugation by g induces an
inner automorphism on S. Then Gin,<G and S*Gip, = SQp E where F' = Z(S) is a
field and where £ = Cg.¢(9) is isomorphic to some twisted group algebra F*[Ginn].
Since SP(G) = 1 and Giny < G, it follows that SP(Gin,) = 1. Consequently, since F'
is clearly a field of characteristic p, [P13, Theorem 1.4] implies that F = F*[Gipy]
is semiprimitive.
Now let

I'={a e E|A®a C I for some 0 # A< R}.

Then it follows from [P7, Proposition 12.5] that I’ # 0, and it is a standard fact
that I’ < E. Indeed, if a, 8 € I’, then there exist 0 # A, B <4 R with A ® o and
B ® (8 contained in I. Since the primeness of R implies that AN B # 0 and since
(ANB)® (a+ B) C I, we have a + 3 € I'. Furthermore, if v € E, then by [P7,
Proposition 10.4(iii)] there exists a nonzero ideal C<R with C®v C RxGinn C R*G.
Thus, since [ is an ideal of R+G, we have

AC®ay=(A®a)(C®7y)
CA®va=(CR7)(A®«a)

and the primeness of R implies that ay,vya € I'.

Finally, since I’ is a nonzero ideal of the semiprimitive ring £ & F[Gin], we
can choose an element o € I’ which is not nilpotent. By definition, A ® o C I for
some 0 #% A < R and, since MR = 0, we can also choose an element a € A which
is not nilpotent. But then the element a ® o € I is clearly not nilpotent, and this
contradicts the fact that I = M(RxG). O

1,
cI,

Again, we use the techniques of [FMo] and [Mo].

Lemma 9.4. Let R be a simple ring whose center K is an algebraically closed field
of characteristic p, and let G be a locally finite p-group. If RxG is any crossed
product of G over R, then R* G/J(RxG) is a simple ring.

Proof. Let Ginn denote the set of all ¢ € G such that conjugation by g induces
an inner automorphism on R. Then Giy, < G and RxGiny = R ® K Ginn] (see
[P7, Proposition 12.4]). Furthermore, since K is an algebraically closed field of
characteristic p and since G is a locally finite p-group, it follows that K*[Ginn] =
K|[Ginn] (see for example [P13, Lemma 3.2(i)]). In particular, if I denotes the
augmentation ideal of K[Giny], then I is nil and K[Ginn]/I =2 K.

Set J = R® I <R ® K[Ginn] = R*Ginn. Then certainly R*Ghiyy,/J is nat-
urally isomorphic to R, and J is a nil ideal since [ is locally nilpotent. With
all this, we conclude that J = JS, where we set S = RxGjy,. Finally, note
that R«G = (R*Ginn)*(G/Ginn) = SxH, where H = G/Ginn, and that J is
an H-stable ideal of S with J«H C J(SxH) by Lemma 9.1(i). Furthermore,
(SxH)/(J+H) = (S/J)xH = RxH, and H = G/Giny is totally outer in its action
on R. Thus, R+H is simple, by [P7, Corollary 12.6], and therefore it follows that
J(R+G) = JxH and that (R+G)/J(R*G) = R«H is a simple ring. O

When the coefficient ring R is not prime, there are other methods which can be
used. For example, we have
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Lemma 9.5. Let RxG be a crossed product, let @ be a prime ideal of R with
stabilizer H = {g € G | @ = Q%}, and set M = (), Q7. If the crossed product
(R/Q)xH = (RxH)/(Q+H) satisfies one of the properties

i. it has nil radical 0,

ii. 4t s semiprime, or

iii. 4t is prime,
then (RxG)/(MxG) = (R/M)xG also satisfies that property. In addition, if the
crossed product (R/Q)+H is simple, then (RxG)/(M*G) is semiprimitive.

Proof. Tt clearly suffices to assume that M = 0 and hence that ﬂgGG QI = 0.
We first show that every nonzero ideal I of R+*G determines a nonzero ideal I’
of (R/Q)*H. To this end, we note that Q(R*G) is a right ideal of RxG and
that it is a left R+H-module since @) is H-stable. Consequently, if we define S =
R+H + Q(R+G) C RxG, then S is a subring of RxG with Q(R*G) a two-sided
ideal. Furthermore, since Q(R+G) N RxH = Q«H, it follows that

S R«H+Q(R+G) _, RxH (R/Q)+H.

Q(RxG) Q(R*G) T QxH

Now let I be any nonzero ideal of R+G and let o be a nonzero element of this
ideal. If € suppa, then z7'a € I and 1 € suppz~'a. Thus, by replacing a by
77 1o if necessary, we can assume that 1 € supp a, and let 0 # r € R be its identity
coefficient. Since ﬂgEG Q9 = 0, it follows that r ¢ Q9 for some g € G, and then
gag—! € I has identity coefficient equal to grg—! ¢ Q. Thus, by replacing a by
gag~?! if necessary, we can further assume that r ¢ Q.

Let X be the finite set X = supp« \ H and suppose, by way of contradiction,
that r-(,cx @ € Q. Then, since r ¢ @ and Q is prime, it follows that @ D QY
for some y € X, and it is a standard fact that this forces @ to equal QY. Indeed,
since G is a periodic group, y"” = 1 for some n > 1 and, by applying various powers
of y to the inclusion Q O QY, we obtain

RQ2QY, Q' 2Q", Q" 2Q",..., Q" ' 2Q" =Q.
Thus @Q = QY and y € H, a contradiction by the definition of X. In other words,

we can now choose t € [, oy QF with 7 ¢ Q, and we consider the element at € I.
Write o =} 743, and observe that

at = gt = ry(gtg )7
g g

Furthermore, if ry # 0 and g ¢ H, then g € X and hence t € Q9. Thus gtg—' € Q,
so r4(gtg") € Q, and we conclude that at € RxH + Q(RxG) = S. In addition,
the identity coefficient of at is 7t ¢ @ and therefore ot ¢ Q(R+G). Since at € I, it
now follows that I NS is an ideal of S not contained in Q(R*G), and therefore

(INS)+ Q(R+G) ns

Q(R+G) -~ INQ(R«G)
is a nonzero ideal of S/Q(R+G) = (R/Q)+H.

The remainder of the argument is now quite simple. To start with, if I is a
nonzero nil ideal of R+G, then I NS is nil and hence so is I’ # 0. Next, if 1?2 = 0,
then (INS)2 =0, so (I')? = 0. Finally, if A and B are nonzero ideals of R+G with
AB =0, then (ANS)(BNS) =0 and consequently A’B’ = 0. This yields the three
required implications in their contrapositive forms.

I'=
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Finally, suppose R+G is not semiprimitive and let 0 # J = J(R*G). Since J is
not comaximal with any proper right ideal of RxG, we see that 1 ¢ J + Q(Rx+G)
and hence 1 ¢ (JNS) + Q(R+G). Thus 0 # J' is a proper ideal of (R/Q)*H, and
therefore (R/Q)*H cannot be simple. O

It is unfortunately not true that if (R/Q)*H is simple, then R+G must be simple.
A suitable counterexample can be constructed using the argument of Lemma 9.2.
Indeed, let G be an infinite group, let K be any field and let G act regularly as a
permutation group on Q@ = G. If we define R to be the (complete) direct product
R =[], cq Ku, then G acts on R and we can again form the skew group ring R+G.
Choose wy € Q and let P be the set of elements of R with wg-coordinate equal to
0. Then P is a maximal ideal of R and ﬂgec P9 =0, since PY is clearly the set of
elements of R with wgg-coordinate equal to 0. Furthermore, the stabilizer of P in
G is the identity group H =1, so (R/P)xH = R/P = K is simple. On the other
hand, if I is the (weak) direct product of the K s, then I is a proper G-stable ideal
of R, and hence I+G is a proper ideal of RxG.

Next, we extend Lemma 9.4 to the case where the coefficient ring is not neces-
sarily simple. Note that here we assume, in addition, that G is abelian, and even
so, we get a slightly weaker conclusion.

Lemma 9.6. Let P < R and assume that R/P is a simple ring whose center is
an algebraically closed field of characteristic p. In addition, let R+xG be a crossed
product of the abelian p-group G over R, and set I = ﬂgec P9, If J/(IxQ) is the
Jacobson radical of (RxG)/(IxG) = (R/I)*G, then J is a prime ideal of RxG with
JNR=1I.

Proof. Tt clearly suffices to assume that I = 0 and therefore that ﬂgeG P9 =
0. If H is the stabilizer of P in G and if L/(PxH) is the Jacobson radical of
(R«H)/(PxH) = (R/P)*H, then Lemma 9.4 implies that L is a maximal ideal of
RxH. Furthermore, since P is a maximal ideal of R, it is clear that LN R = P.

By assumption, G is abelian and hence H < G. Thus R+G = (R+H)«(G/H) =
Sx(G/H) and, of course, L is an ideal of S = RxH. Set M = ﬂweG/H L*, so that
M is G/H-stable, and consider the ideal M*(G/H) < Sx(G/H) = R+G. To start
with, observe that if L = L* with x = Hg € G/H, then g stabilizes LN R = P
and hence g € H. In other words, the stabilizer of L in G/H is the identity
group W = 1. Thus since (S/L)«xW = S/L = (R+H)/L is simple, it follows
from Lemma 9.5 that (S*(G/H))/(M*(G/H)) is a prime, semiprimitive ring. In
particular, J = J(R*G) C Mx(G/H).

Next, we consider the ideal M itself. Let o € M and choose a finite subgroup A
of H with o € R+ A. Since G is abelian, each P9 is H-stable and if LY = g~ 'Lg, then
L9/(P9xH) is the Jacobson radical of (RxH)/(P9xH) = (R/P9)xH. Consequently,
Lemma 9.1(ii) yields

(LY/(P9«H)) N ((R/P9)xA) C T((R/P9)*A)
and, by [P7, Theorem 4.2],
J((R/P9)xA)A C J(R/PI)xA =0

since R/PY is simple and hence semiprimitive. Now « € R+A and a € M =
Neec/m L”; so it follows from the above that o4l e Nyec P7*A = 0. In other
words, M is a nil ideal of S, and hence M C JS.
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Finally, by Lemma 9.1(i), it follows that
Mx(G/H) C (JS)x(G/H) C J(Sx(G/H)) = J(R+QG)

and, with this, we see that J(RxG) = Mx(G/H). Consequently, J(R+G) is a
prime ideal of R+G and, since

J(R+G)NR = (M+(G/H)NR=MNR

= () L*nR= ()] P"=0,

r€G/H r€G/H

the lemma is proved. O

The following rather technical lemma is the culmination of the work of this
section. It is precisely what we need to describe the Jacobson radicals of the
twisted group algebras of certain critical groups.

Lemma 9.7. Let R+G be a crossed product of prime characteristic p and let L
be a mormal abelian p-subgroup of G. Set S = RxL and, as usual, view RxG as
(R+L)*(G/L) = Sx(G/L). Furthermore, let P < R with R/P a simple ring whose
center is an algebraically closed field. Now set I = (., P*, let H denote the
stabilizer of P in G, and assume that every subgroup T/L of G/L which contains
HL/L satisfies SP(T/L) = 1. If J/(IxL) = J(S/(I*L)) and if Q = yeq,r I,
then QN R =,cq P? and (Sx(G/L))/(Q+(G/L)) has nil radical 0.

Proof. The preceding lemma implies that J is a prime ideal of S and that JN R =
I'={,er, P’ Hence, since Q = (e JY, it is clear that @ N R =, P
Now let T'/ L be the stabilizer of the prime ideal J <S5 in G/L. Since H stabilizes
P and L <@, it follows that H stabilizes I. Indeed, since J/(IxL) = J(S/(I*L)),
we see that H also stabilizes J. Thus T/L O HL/L and, by hypothesis, we have
SP(T/L) = 1. Consequently, Proposition 9.3 implies that (Sx(T'/L))/(J*(T/L)) =
(S/J)x(T/L) has nil radical 0, and therefore (Sx(G/L))/(Q«(G/L)) also has nil
radical 0, by Lemma 9.5(i). |

Finally, we need a simple observation whose proof is by now quite familiar.

Lemma 9.8. Let R be a finite dimensional algebra over the algebraically closed
field K of characteristic p and let G be a finite p-group. If I is a non-nil ideal of
the K -algebra crossed product RxG, then I contains a nonzero idempotent of R.

Proof. Suppose first that R is semiprimitive and that G transitively permutes

the centrally primitive idempotents ej, ez, ... ,e, of R. Since these idempotents
yield an orthogonal decomposition of 1 € R+G, it follows from [P5, Lemma 6.1.6]
that RxG = M, (e(R+G)e) where we set e = ej, and it remains to consider

the structure of e(R+*G)e. To this end, note that if ¢ € G and r € R, then
e(rg)e = rege = rgele, and hence this expression is 0 if g is not in the stabi-
lizer H of e. Thus e(RxG)e = e(R+xH)e = (eR)xH, and eR = M,,(K) since K
is algebraically closed. In particular, since all K-automorphisms of M,,(K) are
inner, it follows that (eR)*H = M,,(K) ® K'[H] = M,,(K'[H]) for some twisted
group algebra K'[H]. Now by hypothesis, K has characteristic p and H is a p-
group. Therefore K'[H] = K[H] is a local ring (see [P5, Lemma 1.2.10]), and
consequently, RxG = M,,, (K[H]) is also local. In particular, if I is a non-nil ideal
of R+, then I = RxG and 1 € I N R.
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Next, we just assume that R is a semiprimitive ring. Then G permutes the
centrally primitive idempotents of R in orbits Oy, Oa, ... , Ok, and we let f; denote
the sum of the members of O;. Then f; is a central idempotent of RxG, and
RxG = @Zle fi(R+G). Furthermore, fj(R+G) = (f;R)*G and note that f;R is
semiprimitive and that G transitively permutes its centrally primitive idempotents.
Since I = @ Zle fil and I is not nil, it follows that f;I is not nil for some subscript
j. Consequently, the result of the first paragraph implies that f;I contains the
identity element of (f; R)*G, namely f;, and hence f; € f;IN f;R CINR.

For the general case, let J = JR and note that J+G is a nil ideal of RxG
by Lemma 9.1(i). Hence, (I + J*G)/(J*G) is a non-nil ideal of (R*GQ)/(J*G) =
(R/J)*G, and, since R/J is semiprimitive, it follows from the result of the previous
paragraph that I 4+ JxG contains an element r € R such that r + J is a nonzero
idempotent of R/J. But idempotents can be lifted modulo J, so it follows that
I + JxG contains a nonzero idempotent e € R. In other words, I contains an
element a = e + B with g € JxG. Furthermore, since eae € I and eae = e + efe,
we can assume that e and # commute. Finally, since K has characteristic p and
5Pt = 0 for some ¢, we conclude that I contains Y —i—ﬁpt = e, asrequired. [

10. CrITICAL TRIPLES

The goal of this section is to describe the Jacobson radical J K*[G] of the charac-
teristic p twisted group algebras K*[G] when (G, C, H) is a critical triple, as defined
in Section 6. As we saw in that section, there are two possibilities for the structure
of G according to whether the infinite irreducible G-modules which are involved in
C are primitive or not. The imprimitive case requires a certain amount of addi-
tional work, so we study it first. Indeed, we begin with the group G as described
in Proposition 6.6 and, for convenience, we repeat its rather unwieldy properties.
Note that we have added the assumption that the index set Z is countable.

For a fixed prime p, we say that the locally finite group G is subcritical if it has
a normal series D C X C L C C C @ such that

i. G/C = A = FAltz where 7 is a countably infinite set.
ii. L =CP, sothat C/L is a p'-group.
iii. D is a finite abelian p’-group which is central in GP.
iv. L is an f.c. group, and L/X is an abelian p-group.
v. There exist finite normal subgroups X; of C, for all ¢ € Z, with (X;)9 = X,
where ig is the image of ¢ € Z under the permutation C'g € 2.
vi. D C X; € X and X/D is the (weak) direct product [],.(X;/D).
vii. X;/D C (Cpp(X:/D))P for all distinct i, € T.

As we will see, conditions like (vii) above and the fact that L = CP are needed
because we are dealing with twisted group rings rather than with ordinary ones.

For the remainder of this section, K will denote an algebraically closed field of
characteristic p > 0. The following result handles the subcritical groups with D =1
and is the key to the entire argument. Note that our proof here uses all of the work
of the preceding section.

Lemma 10.1. Let K be an algebraically closed field of characteristic p > 0 and let
G be a subcritical group for the prime p with structure as described above. If K'[G]
is a twisted group algebra of G over K and if D = 1, then JK'|G] = JK*[L]- K'[G].
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Proof. Set R = K'[X] and S = K'[L], so that S = R«(L/X) and K'[G] =
Sx(G/L) = R+(G/X) in crossed product notation. Now let Q denote the set
of all G/L-stable ideals @ of S such that

K'G]  Sx(G/L) )
O«(G/L) ~ Qx(G/L) (S/Q)*(G/L)

is a semiprimitive ring. Since Q is clearly closed under intersections, it has a unique
minimal member @ and, by Lemma 9.1(i),

Qx(G/L) 2 J(Sx(G/L)) 2 (T$)(G/L).

In particular, Q D J S, and consequently, if we show that Q C 7.5, then the above
displayed inclusions become equalities and we obtain

JK'[G] = J(S+(G/L)) = (T9)*(G/L) = TK'[L]- K'[G),

as required. In other words, our goal here is to show that if « € S\ J.S, then there
exists Q € Q with a ¢ Q.

For this, we first need to consider the structure of R = K!'[X]. Note that
D =1,s0 X = [[;c7 Xi is the (weak) direct product of the finite groups X;. In
particular, if ¢ # j, then X, centralizes X;. In fact, by assumption (vii), X; C
(CL(X;))P and therefore, since K is a field of characteristic p, Lemma 7.5 implies
that X; centralizes K![X;]. It follows that if K is any finite subset of Z and if
Yic = [lpex Xk © X, then K'[Yk] is equal to the tensor product over K of its
subalgebras K*[X}] with k € K. In other words, R is the “infinite tensor product”
of its subalgebras K[ X;] with i € Z. Furthermore, suppose P; is a maximal ideal of
K'[X;]. Then, since K is algebraically closed, Pxc = Y, o, Pr-K"'[Yk] is a maximal
ideal of K'[Yx], each maximal ideal of K'[Yi] is of this form, and K[Yx]/Px
has center K. Consequently, if we let P = Y, Pi-K'[X] = > ,.; PR, then
PN K!Yx] = Pg and therefore P is a maximal ideal of R. Indeed, R/P is the sum
of its simple subrings (K![Yx]| + P)/P = K![Yx]/Px over all such finite subsets K
of Z, and this also implies that K is the center of R/P.

Since G/C = FAltz permutes the groups X; transitively, all such X; are iso-
morphic. Thus, we can define the integer w by w = |Aut(X;)|-[Hom(X;, K*)| for
any ¢ € Z, and it follows from Lemma 7.5 that if ¢ € G normalizes X;, then g%
centralizes K'[X;].

Now let @ € S\ JS be as above. Then &S is not a nil right ideal of .S, so there
exists 0 € S with a8 not nilpotent. In particular, if W is a finite subgroup of L
containing supp o and supp 3, then K*[W]aK*[W] is a non-nil ideal of K*[W]. Set
Wo = W N X, and note that K![W] = K![Wy]*(W/Wy) and that

W/Wo =W/(WNX)2WX/X C L/X.

Thus W/Wj is a finite p-group, and therefore Lemma 9.8 implies that the ideal
K'Y [W]aK*'[W] contains a nonzero idempotent e € K'[Wy]. Obviously, it now
suffices to find an ideal Q € Q with e ¢ Q. Of course, e € K'[X], so there exist
finitely many X;s, say X1, Xs,..., X, such that, if Y = X7 x Xo x -+ x X, then
e € K'[Y]. Furthermore, since e is a nonzero idempotent of K*[Y], there exists a
maximal ideal P’ of this algebra not containing e. By our previous observations,
this maximal ideal has the form P’ = "7 | P;-K'[Y], where P; is a maximal ideal
of K{[X;] fori=1,2,...,s.



GROUP RINGS OF LOCALLY FINITE GROUPS 4739

At this point, we use the fact that Z is countably infinite to construct a family of
maximal ideals P; of K'[X;] for all i € T extending the original set and with certain
additional properties. To start with, relabel the elements of 7 as ordered pairs
{a,b}, wherea = 1,2,...,s,b=0,1,2,... and where ¢ = {i,0} fori =1,2,...,s.
In other words, Y = Xy; 0y X X209} X -++ X X401, Pi,0) is a maximal ideal of
K'[Xpi0y), and X = []; 4 Xpijy = [Tizi [1;20 X¢i.jy- Now choose any (odd)
prime ¢ which is strictly larger than the integer w = |Aut(X;)|-|Hom(X;, K*®)| and,
since w and q are relatively prime, let m be an integer divisible by w and congruent
to 1 modulo gq.

Since G/C = A = FAltz, there exists an element ¢; , € G, forany i =1,2,... s
and n =0,1,2,... which corresponds to the g-cycle

({ia n(q - 1)}7 {ivn(q - 1) + 1}7 {ivn(q - 1) + 2}7 ce 7{i7 (TL + 1)(q - 1)})

Here, of course, we are using the ordered pair notation for the elements of Z. Note
that the element g; , normalizes all those Xy, ) for which {a, b} does not appear in
its g-cycle, and therefore, since w|m, we see that g:, centralizes each such twisted
group algebra K[ X {a,p}]. Furthermore, since m is congruent to 1 modulo g, we see
that g;;, and g; » both give rise to the same g-cycle in 2. Thus, by replacing gin
by g, if necessary, we can now assume that g;, centralizes all those K t (X{a,b}]
with {a, b} not appearing in its cycle, and we can assume that gg , centralizes R.

Note that the permutation gg);lC € A maps {i,n(qg — 1)} to {i,(n+1)(¢ — 1)}
and therefore gfy'gd7" - -gzgl_lC sends {7,0} to {i,n(¢—1)}. Consequently, if
j > 0 and if we write j = n(q — 1) 4+ r uniquely, where the remainder r satisfies
0<r<qg-—2,then

-1 g1 -1
maps {i,0} to {7,5}, and we define Pf;;; to be the image of Py; o) under the
conjugation action of the element

—_g—1_qg—1 —_qg—1 —
gt gl gl g, € KU G

Certainly, Py; ;y is a maximal ideal of K*[Xy; 1], and P01 = P; fori =1,2,... ,s.
In particular, if we set

P=> PujK'X]=> PujR,
{i.9} {i.9}
then our previous observations imply that P is a maximal ideal of R and that R/P
has center K. Furthermore,

POK'Y] =) PuoyK'[Y]=> P-K'[Y]=P
i=1 i=1

and therefore e ¢ P.

Let H/X = {gX € G/X | P9 = P} be the stabilizer of P in G/X. Then the
construction of P and the nature of the action of g;, on K*[X] = R imply that
ginX € H/X for all i,n. Indeed, conjugation by g; , cycles the maximal ideals
Pring—1ys Prin(g—1)+13s - -+ » Pli,(n+1)(g—1)} and centralizes all the rest. Now fix
a=1,2,...,s and set 7, = {{a,b} | b=0,1,2,...}. Since the permutations g, ,C
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for b =0,1,2,... are g-cycles which generate a transitive subgroup of FAltz, , it
follows from Lemma 6.7 that these elements generate FAltz, , and therefore

FAlty D HC/C D) FAltII X FA1t12 X oo X FAltIS.

In particular, if T is any subgroup of G containing H, then Lemma 6.8 implies that
S(T/(T'NC)) =S(T'C/C) = 1. Furthermore, since
T _  T/TnL)
TnC (I'nC)/(TNL)

it follows that
S(T/(TnNnL)CcTnC)/(TNLY=(TNC)L/LCC/L

and hence, since C/L is a p’-group, we have SP(TL/L) = SP(T/(T N L)) = 1.

We can now apply Lemma 9.7 to the crossed product K'[G] = Rx(G/X) =
S*(G/L) and maximal ideal P of R. Since the stabilizer of P in G/X has the
properties described above, it follows that there is a G/L-stable ideal @ of S such
that Q VR =, xeq,x P? and such that (Sx(G/L))/(Q+(G/L)) has nil radical 0.
But K*'[G] is algebraic over K, so the Jacobson radicals of all algebras involved in
it are necessarily nil. Consequently, (Sx(G/L))/(Q*(G/L)) is a semiprimitive ring
and therefore, by definition, @ € Q. Finally, since e ¢ P and since Q N R C P, we
conclude that e ¢ Q. As we indicated earlier, this yields the result. O

It is now a simple matter to deal with the remaining subcritical groups. Indeed,
we have

Lemma 10.2. Let K be an algebraically closed field of characteristic p > 0 and let
G be a subcritical group for the prime p with structure as described above. If K[G]
is a twisted group algebra of G over K, then

JK'G] = JK'[L]-K'[G] = FK'[S"(G)]-K'[G].

Proof. Let E = CL(D) so that E<G and |E/G| < co. Indeed, since G/C¢ (D) is a
p-group by assumption (iii), and since Cg(D)/CL (D) is a p’-group by Lemma 7.5,
we see that G/F is a finite p’-group and thus E 2O GP O CP = L. Furthermore,
since 2 = FAltz has no proper subgroup of finite index, it follows that EC = G
and hence that E/(ENC) =2 G/C = 2. With this, it is now clear that F is a
subcritical group with corresponding normal series D C X CLCCNE C E, and
hence the group E/D is also subcritical.

Now D C E = CL(D), so K'[D] is commutative and, in fact, central in K*[E].
Thus, since D is a finite p’-group and K is an algebraically closed field of char-
acteristic p, it follows that K*[D] = &> | ¢;K, where the e;s are the centrally
primitive idempotents of Kf[D]. Indeed, since the e;s are central in K*[E], they
give rise to the ring direct sum K*[E] = @ "' | e; K![E] and, since ¢;K'[D] = ¢, K,
it is clear that there exist natural isomorphisms e; K![E] = K% [E/D], where the
latter are appropriate twisted group algebras of E/D.

By the preceding lemma, J K [E/D] = JK'[L/D]-K"[E /D] and therefore, via
the natural isomorphism, we have J(e; K![E]) = J(e; K'[L])-K![E]. In particular,
since TK'El =@ | J(e;K'E]) and JK'[L] = ® Y., J(e;K'[L)), it follows
that

JK'[E] =@ Zn: J(e;K'(L)-K'[E] = TK'[L]-K'[E)].
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In addition, since G/FE is a finite p’-group, Lemma 7.2 yields
JK'|G] = TK'|E]-K'[G] = TK'[L]-K'[G],

the required description for J Kt[G]. Finally, note that L = CP is a normal f.c. sub-
group of G generated by p-elements, so certainly L C SP(G). On the other hand,
C/L is a p’-group and S(G/C) =2 S(A) = 1 by Lemma 6.7. Thus L = SP(G) and
the result follows. O

Finally, we compute 7 K*[G] when (G, C, H) is a critical triple.

Proposition 10.3. Let K be an algebraically closed field of characteristic p > 0
and let (G,C, H) be a critical triple for the prime p. If G/C is countably infinite
and if K'[G] is any twisted group algebra, then JK'|G] = JK'[SP(G)]-K'[G].

Proof. We use the structure of G as described in Lemmas 6.2 and 6.3. Suppose first
that all infinite irreducible C, are primitive G-modules. Then Lemma 6.3 implies
that G has normal subgroups C' C G with |G(® : G| < oo, G//C infinite simple, and
with C a nilpotent p’-group. In this case, Lemma 7.3 and the main result of [P10]
imply that JK*[SP(G)]-K*[G] € JK'[G] = 0, and therefore the latter two ideals
are equal. Thus, since G/ G has a finite normal series with f.c. quotients, it follows
from Proposition 8.5 that J K*[G] = J K*[SP(G)]-K*[G], as required.

On the other hand, suppose that some C, is an infinite irreducible and imprim-
itive G-module. Then, since G/C' is countable, Proposition 6.6 implies that G has
a normal subgroup G with |G(6) : é| < oo and with G subcritical for the prime p.
In this case, the preceding lemma implies that JK*[G] = JK*[SP(G)]-K*[G], and
a second application of Proposition 8.5 yields the result. O

11. SIMPLE EXTENSIONS

The first part of this section is devoted to the study of simple group exten-
sions. Specifically, let K*[G] be given and let N <« G with G/N a simple finitary
linear group. If K*[N] satisfies the conclusion of our main theorem, then we show
in Proposition 11.3 that K*[G] also satisfies that conclusion. We then go on, in
Lemmas 11.4 and 11.5, to obtain a close approximation to Theorem 1.2.

To start with, let K*[G] be an arbitrary twisted group algebra. Recall that if
a = > a,z € K'[G], then the support of « is the finite subset of G given by
suppa = {z € G | a; # 0}. In addition, we call H = (supp«a) the supporting
subgroup of a. Clearly H is the smallest subgroup of G with o € K*'[H] and,
since G is locally finite, H is finite. We say that 8 € K'[G] is a truncation of
aif B = 3 a,%, where Y indicates a partial sum of the terms of . Thus
supp 8 C supp «, and the coefficients of o and of § agree on the smaller set. Of
course, [3 is a proper truncation if 5 # 0 or «.

Recall that, if D is any subgroup of G, then there is a natural K*[D]-bimodule
projection map 7p: K'[G] — K'[D] given by

TD: E Ay — E Az .
zeG xeD

Thus 7p is the linear extension of the map G — D U {0} which is the identity on
D and zero on G\ D. Clearly, mp(«) is a truncation of c.
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Now let I < K*[G]. We say that 0 # « is a minimal element of I, if o € I but
no proper truncation of « is contained in I. These minimal elements generate I in
the following sense.

Lemma 11.1. If I is an ideal of K'[G], then I is the linear span of its minimal
elements. Furthermore, I is the right (or left) ideal generated by those minimal
elements having 1 in their support.

Proof. Let I' C I be the linear span of the minimal elements of I. If o € I, we
show that a € I’ by induction on | supp ¢/, the result being clear if « = 0 or if « is a
minimal element of I. On the other hand, if « is not minimal, then there is a proper
truncation 8 of a contained in I. But then # and a— (3 are elements of I of smaller
support size, so both of these are contained in I’ and hence so is « = 8+ (o — ).
Finally, note that if  is a minimal element of I and if x € supp+, then vz~ ! is a
minimal element having 1 in its support. Since v = (yz=1)z € (y27!)K'[G], the
result follows. |

In particular, if I # 0, then I has minimal elements with 1 in their support.
Next, we need a variant of a key idea used in [P12].

Lemma 11.2. Suppose JK[G] # 0 and let o be a minimal element of this ideal
having 1 in its support. Then there exists a finite subgroup H of G containing the
supporting subgroup (supp «) such that
i. H= (suppa)? and H = H?,
ii. « is a minimal element of J K'[H],
iii. if N is any subgroup of G normalized by H and if JK![N] is nilpotent, then
H C Dg(N),
iv. if N is any subgroup of G normalized by H which satisfies both Op(N) = 1
and JK!N] = JK!SP(N)]-Kt[N], then H C SP(NH) and H C Dg(F*),
where F* = F*(N).

Proof. Let (1,32, ..., 0, be the finitely many proper truncations of «. By defini-
tion, no f3; is contained in JK*[G], and hence the right ideals 8; K*[G] are not nil.
In other words, we can choose elements v; € K![G] with ;7; not nilpotent. Now
G is locally finite, so there exists a finite subgroup L C G which contains (supp «)
and the supports of all ;. In particular, since J K*[L] is nilpotent, it follows that
Bi ¢ TK'[L] for all i.

Now let H = (supp a)l"! be the subnormal closure of (supp ) in L. Then we
know, at least, that H = (suppa)f and that o € JK'G] N K'[H] C JK'[H].
Furthermore, since H << L, it follows easily from Lemma 7.2 and induction that
JK!H] C JK'L]. Thus, since 5; ¢ JK[L], we have 3; ¢ JK'[H] and (ii)
is proved. Note also that JK![H] = JK![HP]-K'[H], so mg»(a) € JK![HP] C
JK*'[H]. In particular, since 1 € supp «, we see that 7g» () is a nonzero truncation
of a contained in JK'[H|, and therefore we conclude that mg» () = . In other
words, (suppa) C HP < H and, since H = (supp o), it follows that H = HP.

For part (iii), suppose that N is any subgroup of G normalized by H with
JK![N] nilpotent. If X = NH, then N is a normal subgroup of X of finite index,
so Lemma 7.2 implies that the radical JK?[X] is also nilpotent. In particular,
by Proposition 1.1, we have JK'[X]| = JK'[D]-K*[X] where D = AP(X). Now
a € JKYGIN KYX] C JK![X] and therefore mp(a) is a nonzero truncation of «
contained in JK![D] C JK'X]. Thus np(a) € JK'X]|N K{H] C JK![H], so
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the minimal nature of « implies that 7p(a) = «. In other words, (suppa) C D<X
and therefore H = (supp ) C D. But N C X, so the definition of D implies that
|IN : Cn(h)] < oo for all h € H, and consequently H C Dg(N), as required.
Finally, suppose H normalizes the group N satisfying both O,(N) = 1 and
JK!N] = JK![SP(N)]-K'[N]. Again, let X = NH and note that N < X with
|X/N| < co. Thus Proposition 8.5 implies that JK'[X] = JK'[S]-K*[X] where
S = SP(X). Now observe that o € JK'G] N K![X] C JK![X] and therefore
we see that mg(a) is a nonzero truncation of «a contained in JK*[S] C JK*[X].
Thus 7s(a) € JKYX]|N K'[H] C JK![H], and the minimal nature of o again
implies that ms(a) = «. In other words, (suppca) C S < X, and consequently
H = (suppa)f! C S = SP(NH). Furthermore, since N <« NH, we have F* =
F*(N) C F*(NH) by Lemma 4.3(iii). Thus, since O,(NH) is finite, Lemma 4.4
applied to the group SP(N H) shows that H acts in a finitary manner on F*(NH)
and hence also on F™*. O

We now solve the extension problem.

Proposition 11.3. Let K[G] be given with K algebraically closed and let N <G
with Op(N) = 1. Assume that G/N is an infinite simple, finitary linear group and
that TK'[N] = JK'[SP(N)]-K*[N]. Then JK'[G] = JK'[S"(G)]-K[G].

Proof. We know that JK![SP(G)]-Kt[G] C JK![G], so our goal is to prove the
reverse inclusion when JK'[G] # 0. For this, let us first assume that G/N is
countably infinite and let & be a minimal element of 7 K*[G] having 1 in its support.
We show that o € JK'[SP(G)]-K'[G].

To start with, if (suppa) C N, then o € JK'[G] N K'[N] C JK'[N]. Fur-
thermore, since SP(N) < SP(G), we have JK[SP(N)] C JK![SP(G)] and hence
a € JK'N] C JK'SP(G)]-K'|G], as required. Thus, we may suppose that
(suppa) € N, and we apply Lemma 11.2 to . In particular, let H = HP be
the finite group given by that lemma, and let L = HIC! be the local subnormal
closure of H in G. If C = NN L<L, then we claim that (L, C, H) is a critical triple,
as defined in Section 6.

Of course, H = H? and L = H*, so condition (2) is satisfied. Next, if we
let ": G — G/N denote the natural epimorphism, then Lemma 4.5(v) implies
that L = H. But H # 1 and G is an infinite simple, finitary linear group, so
H!%l = G by Lemma 5.6. Thus G = NL, so L/C = L/(NNL)= NL/N = G/N
is infinite simple and condition (1) holds. For (3), we see that H C S(NH) by
Lemma 11.2(iv), and hence H C S(NH)NCH C S(CH) by Lemma 4.1(iii). Next,
observe that F(N) = F(G) since G/N is infinite simple, and hence F(L) C F(G) =
F(N) by Lemma 4.6(ii), since L = H!¢l. In particular, since Q,(G) = 1, it follows
that O,(L) = 1. Finally, by Lemma 11.2(iv) again, we have H C Dg(F(N)) C
D¢ (F(L)), since F(L) € F(N). Thus, condition (3) is proved and (L,C, H) is
indeed a critical triple for the prime p. Furthermore, L/C' = G/N is countably
infinite.

Now a € JK'G] N K'[L] € JK'[L] and, by Proposition 10.3, we know that
JK'L] = JK'[S]-K'[L], where S = SP(L). As usual, this implies that 7g()
is a nonzero truncation of a contained in JK'[S] C JK[L], and hence 7g(a) €
JK'LNK'H] C JK'[H]. The minimal nature of «, as in Lemma 11.2(ii), now
yields a = wg(a), so (suppa) C S = SP(L) C SP(G), by Lemma 4.6(i). Thus
a € JKYG] N KSP(G)] € TKE[SP(G)], as required.
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In other words, we have shown that every minimal element of JK*[G] having
1 in its support is contained in J K*[SP(G)]-K*[G] and therefore we conclude from
Lemma 11.1 that JK![G] C JK?![SP(G)]-K*![G]. This, of course, proves the result
when G/N is countably infinite.

For the general case, let 3 be any element of JK*[G]. Since G/N is an infinite
simple group, it follows from [KWe, Theorem 4.4] that there is a subgroup Gy of G
containing supp § with N C Gy and with Go/N a countably infinite simple group.
Of course, Go/N C G/N, so Gy/N is also a finitary linear group and therefore, by
the above, JK![Go] = JK![SP(Gy)]-Kt[G]. Furthermore, since Go/N is infinite
simple, it follows from Lemma 4.1(iv) that S(Go/N) = 1 and thus SP(Gy) = SP(N),
and similarly SP(G) = SP(N). Finally, we have

B e TK'[GINK'[Go] € TK'[Go]
= JK'[SP(N)]-K'[Go] € TK'[SP(G)]-K'[G],
and the result follows. O

We now record an elementary observation.
Lemma 11.4. If K'[G] is given, then
JK'8(G)) = JIK"[4],
A

where the union is over all Alsn G with A = AP. In particular, if H is a finite
subgroup of G and L = HS, then JK'[SP(L)] C JK![SP(G)).

Proof. If Alsn G with A = AP, then Alsn SP(G) so JK![A] C JK![SP(G)] by
Lemma 7.4. Conversely, if 3 € JK'[SP(G)], then Lemma 4.1(ii) implies that there
exists Blsn G with B = BP and supp 3 C B. But then g € JK'[SP(G)|N K*[B] C
JKB], so the reverse inclusion is proved. Finally, if H and L are as given,
then the inclusion JK*¢[SP(L)] C JK*![SP(GQ)] follows immediately from the above
since Lemma 4.5(iii) asserts that any locally subnormal subgroup of L is locally
subnormal in G. O

We close this section with a reasonable approximation to our main theorem. As
expected, its proof requires the main result of [P13].

Lemma 11.5. Let G be a locally finite group and let K be an algebraically closed
field of characteristic p > 0. If 0,(G) = 1, then JK'|G] = JK'[SP(Q)]-K*[G].

Proof. We know that JK*'[SP(G)]-K*[G] C JK'[G], so we only need to prove the
reverse inclusion. Of course, we can assume that JK*[G] # 0. Let « be a minimal
element of JK*[G] having 1 in its support, and let H be the finite group given by
Lemma 11.2. In particular, H = H? and H = (supp a)”. Nowset L = HIl so L =
H" and hence L = (supp a)” by the above. Since S(L) C S(G), by Lemma 4.6(i),
we know that O,(L) = 1 and hence Op(NN) = 1 where N = SP(L). Now N = S(N),
so Lemma 11.2(iv) implies that H C Dy, (F*)< L, where F* = F*(N). Indeed, since
L = H*, we have L C Dy (F*), and hence L acts in a strongly finitary manner on
F* with kernel C = Cp(F*). Note that F* is an f.c. group by Lemma 4.4, so it
follows from Proposition 5.5 that L has a finite subnormal series

C=Ly<xLy<---<aL,, =1L
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with each quotient L;/L;_; either an f.c. group or an infinite simple, finitary linear
group.

Suppose A lsn C with A = AP. Then Alsn L, so A C N = SP(L) and since
A centralizes F* = F*(N), it follows from Lemma 4.3(ii) that A C Z(F(N). But
Op(N) =1 and A = AP, so we must have A = 1 and SP(C) = 1. By the main
result of [P13], we can now conclude that

0= JK'[C] = TK'SP(O))-K[C].

In other words, K*[C] satisfies the conclusion of our main theorem. Furthermore,
since Op(L;) = 1, we can now use either Proposition 8.5 or Proposition 11.3 to
prove, by induction, that each K*'[L;] also satisfies the conclusion of our main
theorem. In particular, when i = m, we have JK*[L] = JK*[SP(L)]-K*[L]. Finally,
we note that a € JK![G]N K[L] C JK![L], and thus the preceding lemma yields

a e JK'SP(L)]-K'[L] € JK'[SP(G)]-K'[G).

Indeed, since this holds for all such «, we conclude from Lemma 11.1 that J K t[G] -
JK'[SP(G)]-K*'[G], and the result follows. O

12. THE MAIN RESULTS

In this final section, we state and prove the main theorems. As will be apparent,
there is very little left to do. We just require a few observations to enable us to
deal with normal p-subgroups and to obtain controller subgroup information. As
usual, K will denote a field of characteristic p > 0 and, unless otherwise indicated,
all groups considered will be locally finite.

Lemma 12.1. If P is a locally finite p-group, then K![P]/JK[P] is a purely
inseparable field extension of K.

Proof. Let F be the algebraic closure of K and let F @ K![P] = F'[P]. Since
P is a locally finite p-group, it follows that F*[P] = F[P] (see for example [P13,
Lemma 3.2(i)]). In particular, if I denotes the augmentation ideal of F*[P], then
I is a nil ideal and F*'[P]/I = F. Now let J = I N K'[P] so that J is a nil ideal
of K'[P]. Furthermore, since K = K'[P]/I is a K-subalgebra of F![P]/I = F, it
follows that K is an algebraic field extension of K. Indeed, since PK*/K* is a
p-group, we see that K /K is purely inseparable. Finally, since J is a nil ideal and
Kt[P]/J is a field, we conclude that J = JK[P]. O

It is convenient to use some crossed product notation in the next two lemmas.
While we do not require part (ii) below in its full generality, the result is certainly
interesting, informative and worth stating.

Lemma 12.2. Let G be a finite group.

i. If RxG is a crossed product which is von Neumann regular and if H is a
subgroup of G, then R+xH is also von Neumann regular.

ii. Assume that the twisted group algebra K*[G| is semisimple. Then G = NP,
where N is a normal p-complement and where P is an abelian Sylow p-
subgroup with Kt[P] a purely inseparable field extension of K. In particular,
if either KY[G] = K|[G] is an ordinary group algebra or K is a perfect field,
then P =1 and G is a p’-group.
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Proof. (i) Let mp: R*G — RxH denote the usual R«H-bimodule projection. Now
suppose that R+G is von Neumann regular and let & € R+H. Then, by definition,
there exists § € R+G with afa = « and, by applying 7y to this equation, we
obtain @ = 7wy (o) = mp(afa) = arg(B)-«. Since my(F) € RxH, it follows that
R+H is also von Neumann regular.

(i) Now let P be a Sylow p-subgroup of G and assume that K*[G] is semisimple
and hence von Neumann regular. Then, by (i) above, K*[P] is also von Neumann
regular and hence semisimple. In view of the preceding lemma, this implies that
Kt[P] is a purely inseparable field extension of K. In particular, K![P] is commu-
tative and P is abelian. Furthermore, Ng(P) acts on K'[P] by conjugation and,
of course, it centralizes K. Thus, since a purely inseparable field extension admits
no nontrivial field automorphisms, we see that Ng(P) centralizes K*[P] and hence
P. In other words, P is in the center of its normalizer, and [Sc, Theorem 6.2.9]
implies that G has a normal p-complement N. Finally, if either K*[P] & K[P] or
K is a perfect field, then the preceding property of K*[P] implies that K![P] = K
and hence that P = 1. |

Next, we consider controlling subgroups in the finite situation.

Lemma 12.3. Let G be a finite group and let N<G with J K'[G] = JK*[N]-K'[G].
If either K![G] = K[G] is an ordinary group algebra or K is a perfect field, then
we must have N O GP.

Proof. The case of ordinary group algebras is quite simple and we consider it first.
Let I denote the augmentation ideal of K [N], so that K[N]/I = K and I O JKI[N].
Since K[G]/(JK[N]-K[G]) is a finite dimensional semisimple algebra, it follows
that its homomorphic image K|[G]/(I-K[G]) = K[G/N] is also semisimple. Thus,
by Lemma 12.2(ii), we see that G/N is a p’-group and hence N DO GP, as required.

Next we move on to the twisted case, but we assume that K is an algebraically
closed field. Let P be a Sylow p-subgroup of G and set @ = P N N, so that Q
is a Sylow p-subgroup of N < G. The goal is to show that P C N or equivalently
that P = Q. To this end, we use crossed product notation and write K![G] =
K'[N]*(G/N) = RxG, where R = K*[N] and “: G — G/N denotes the natural
map. By assumption, J(R+G) = JxG where J = JR, and thus (RxG)/(J+G) =
(R/J)*G is a finite dimensional semisimple algebra. Lemma 12.2(i) now implies
that (R/J)*P is also semisimple.

By Lemma 12.1, K[P] & K[P] and, in particular, we can let W denote the
principal module for K*[Q] = K[Q]. Since conjugation by P stabilizes W, it follows
that P acts via conjugation on the induced K*[N]-module W = W ® (g K'[N].
Hence P permutes the K*[N]-composition factors of W¥. But dimgx W& = |N : Q|
is prime to p and P is a finite p-group, so we conclude that P must stabilize some
composition factor V. In other words, there exists an irreducible K*[N]-module V'
whose annihilator I = {a € K![N] | Va = 0} is stabilized by P.

In particular, I is a P-stable primitive ideal of R, so I O JR = J and hence
(R/I)xP = (R«P)/(IxP) is a homomorphic image of the finite dimensional semi-
simple algebra (R/J)*P. Thus, (R/I)*P is also semisimple. Furthermore, K is al-
gebraically closed, so R/I = M, (K) for some n > 1 and hence all K-automorphisms
of R/I are inner. It follows that

(R/I)*P = M, (K)xP = M,(K) ®x K"[P] = M, (K" [P]),
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where K*[P] is a suitable twisted group algebra of P. But (R/I)*P is semisimple,
so K [P] is also semisimple, and we conclude from Lemma 12.1 that P = 1. Hence,
P C N, as required.

Finally, let K be a perfect field and let F be its algebraic closure. Then F![G] =
F @k K'G], so [P5, Theorem 7.2.13] implies that JF'[G] = F @ JK'|G] and
JF!N] = F @k JK'[N]. Consequently, the equality JK'|G] = JK![N]-K![G]
translates to JF'[G] = JF'[N]-F![G], so we conclude from the preceding special
case that N O GP, and the result follows. |

As a consequence, we have

Lemma 12.4. Let G be an arbitrary group, let I be a nil ideal of K*[G] and assume
that N < G controls I. Furthermore, suppose that either K'[G] = K|[G] is an
ordinary group algebra or that K is a perfect field. If H is a finite subgroup of G
with JK'[H] C I, then H? C N.

Proof. Set M = H N N < H and note that JK*![H] C I by assumption. Since
I = (INK!NJ])-K*G], it follows that mx () = I N K*[N] C I and hence 7y () is
a nil ideal of K*[N]. In particular, 7y (J K![H]) = mn(JK![H]) is a nil ideal of
K*[M]. Thus 7y (JK!H]) € JK!M], and we conclude from Lemma 7.10 that
JK'H] C JK'[M]-K*[H]. Since the reverse inclusion always holds by Lemma 7.2,
the preceding lemma applied to M <« H yields H? C M C N. O

As promised in Section 1, we can now prove

Proposition 12.5. Let K'[G] be a twisted group algebra of the arbitrary group G
over a field K of characteristic p > 0. If either Kt[G] = K[G] is an ordinary group
algebra or K is a perfect field, then the controller of the nilpotent radical N K'[G|
is equal to AP(G).

Proof. By Proposition 1.1, we know that C(N'K*[G]) C AP(G). Furthermore, I =
NK'G] is a nil ideal and JK*[D] C I for all finite normal subgroups D of G with
D = DP. Thus, the preceding lemma implies that D = D? C C(I), so C(I) contains
AP(@), the subgroup of G generated by all such D. |

The following is our main result on twisted group algebras K*[G] when O,(G)
is trivial. Parts (i) through (iv) constitute the statement of Theorem 1.2, while
part (v) discusses the controller subgroup.

Theorem 12.6. Let K'[G] be a twisted group algebra of the locally finite group G
over a field K of characteristic p > 0. If 0,(G) = 1, then
i. JK'G] = JK'SP(Q)]-KG].
ii. JTK'[SP(G)] = Unee JK'[A], where & is the set of all locally subnormal
subgroups A of G with A = AP.
iii. JKYG] = 0 if and only if TK![A] = 0 for all A € &. In particular, if &
consists of just the identity group 1, then JK'G] = 0.
iv. JK'G] is a prime ideal of K'|G] when G has no nonidentity finite normal
subgroups.
v. C(TK'G]) = SP(G) if either K'|G] = K[G] is an ordinary group algebra or
K is a perfect field.

Proof. Let F be the algebraic closure of K and set F*[G] = F @k K![G]. By [P5,
Theorem 7.2.13], we have JK*[G] C JF*|G] and, by Lemma 11.5, we know that
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JF'G] = JF'SP(G)]-F[G]. In particular, if S = SP(G) and 7g: F'[G] — F'[S]
is the natural projection, then ms(JK'G]) C ws(JF!G]) € JF![S] is nil by
Lemma 7.1. In other words, 7s(J K*[G]) is a nil ideal of K*[S], so we can conclude
from Lemma 7.10 that

JK'G] C ms(TK'G))-K'[G] € JK'[S]-K[G].

Since the reverse inclusion always holds, by Lemma 7.3, part (i) is proved.

Note that part (ii) follows from Lemma 11.4, and then (iii) is obvious. Further-
more, part (iv) is an immediate consequence of (i) and Proposition 8.4. Finally,
if C = C(JK![G]), then (i) implies that C' C SP(G). On the other hand, JK*[G]
is a nil ideal and JK*[4] C JK'[G] for all Alsn G with A = AP. Thus, if either
K'G] & K|G] or K is perfect, then A = A? C C by Lemma 12.4, and hence
C D SP(@G), as required. |

The general case follows easily from the above by modding out by O,(G). In-
deed, part (i) below yields the essential structure, while (ii) and (iii) constitute the
statement of Corollary 1.3. Recall that the group T?(G) 2 O,(G) is defined by

T?(G)/0p(G) = SP(G/0p(G))-

The following is our main result on the Jacobson radical of twisted group algebras
of arbitrary locally finite groups.

Corollary 12.7. Let K'[G] be a twisted group algebra of the locally finite group G
over a field K of characteristic p > 0. If P = Q,(G) and if F = K'[P]/JK![P],
then F is a purely inseparable field extension of K, and we have
i. JK'P]-K![G] C JK![G] and
K'[G)/(TK'[PLKY(G)) = FG/ P,

where the latter is a suitable twisted group algebra of G/P over F.

ii. JK'G]=JKYTP(G)]-KG].

ili. JKG] =0 if and only if TK'[A] = 0 for all locally subnormal subgroups A
of G with A = AP. In particular, if the only such group A is the identity 1,
then JK'[G] = 0.

iv. JKG] is a prime ideal of K*|G] when G/P has no nontrivial finite normal
subgroups.

v. C(TK'G]) = T?(G) if either K![G] = K|[G] is an ordinary group algebra or
K is a perfect field.

Proof. (i) For convenience, write K*[G] = R+G where R = K'[P] and ~: G —
G/P. If J = JR = JK'[P], then K'[G]/(J-K'[G]) = (R*G)/(J+G) = (R/J)*G.
Furthermore, note that R/J = F is a purely inseparable field extension of K, by
Lemma 12.1. Hence, since F' admits no nontrivial K-algebra automorphisms, it
follows that F is central in (R/J)*G and therefore K*[G]/(J-K*[G]) = FxG =
F'[G]. Since J-K'[G] C JK'[G] by Lemma 7.3, the first part is proved.

(i) Let x: K*[G] — F*[G] denote the natural ring epimorphism given above with
kery = JK![P]-K![G]. Set I, = JK'[G] and I, = JK!T?(Q)]-K*[G], and note
that these ideals contain ker y by Lemma 7.3. Furthermore, by Theorem 12.6(i),
we have

x(I) = TF'[G] = TF'SP(G)]-F'[G] = x(I2),

and therefore Iy = I, as required.
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(iii) If JK*[A] # 0 for some Alsn G with A = AP, then JK'[G] # 0 by
Lemma 7.4. Conversely, let us suppose that 7 K*[G] # 0. If 7 K*[P] # 0, then since
P = SP(P), it follows from Lemma 11.4 that there exists Alsn P with JK*'[A] # 0.
But P <G, so Alsn G and surely A = AP. On the other hand, if 7K[P] = 0,
then F' = K'[P] is central in K*[G] and hence P is central in G. Furthermore,
K*'[G] = F'[G], so Theorem 12.6(iii) implies that there exists Blsn G with B = BP
and JF'[B] # 0. Now, if B = B/P, then B is center-by-finite and hence it is an
f.c. group. Thus, since JK*[B] = JF'[B] # 0 and B = BP, we can find a finite
normal subgroup A of B with A = AP and 0 # JK![B] N K'[A] C JK'[A]. But
A< B and Blsn G, so it follows easily that A lsn G.

(iv) This is immediate from part (i) and Theorem 12.6(iv).

(v) Here, the assumptions imply that F' = K and that JK*[P] is the augmen-
tation ideal of K'[P]. By (i), we know at least that C' = C(J K*[G]) C TP(G). For
the converse, let A be a finite subgroup of P. Then Alsn G, so JK'[A] C JK![G]
by Lemma 7.4. In particular, A = AP C C by Lemma 12.4, and hence C' O P. Now
note that

JK'|G] = (JK'[G] N K'[C])-K'[G] = TK'[C]- K'[G]
by Lemmas 7.1 and 7.3. Thus, since this ideal contains ker y, we see that
JF'[G] = x(TK'[G)) = x(TK'[C)-K'[G]) = TF*'[C]-F'[G),
and therefore C' = C'/P controls JF*[G]. Of course, if K is a perfect field, then 80

is F'= K. On the other hand, if K*[G] = K[G], then it is clear that F* (G = F[G).
Thus, in either case, we conclude from Theorem 12.6(v) that C O SP(G) and

therefore that C' O T?(G). O

We close this paper with two examples of interest. The first shows that the
purely inseparable fields we have been discussing can actually occur and hence that
the controller information we have obtained is best possible.

Lemma 12.8. Let P be an abelian p-group.

i. There exist a field K of characteristic p > 0 and a twisted group algebra K'[P],
such that Kt[P] is a purely inseparable field extension of K. In particular,
JK'P] =0, so C(JK'[P]) =1 is properly smaller than T?(P) = P.

ii. If P is finite and acts faithfully on the finite p’-group N, then there exist a
field K of characteristic p and a twisted group algebra K[G] for the semidirect
product G = N x P such that JK'[G] = 0. In particular, O,(G) = 1, but
C(TK'[G]) =1 is properly smaller than SP(G) = GP.

Proof. Assume that P is an abelian p-group which acts on the group N. Write
P = A/B, where A is a free abelian group, and form the semidirect product G =
N x A, where A acts on N via its homomorphism to P. Note that B is a central
subgroup of G and that G/B = N x P.

Let k be a field of characteristic p > 0 and let L = k[G] be the group algebra of
G over k. Since B<G, we have L = R+(G/B) where R = k[B]. Note also that R is
a central subring of L and that it consists of regular elements of L by freeness and
[P5, Theorem 13.1.11]. Thus, we can form the ring of fractions LR™!, and from
the above crossed product formulation, it is clear that

LR '~ K+(G/B) = K'|[G/B] = K'[N x P,
where K is the field RR~1.
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(i) Here we take N = 1 and observe that L = k[A] is a commutative domain by
[P5, Theorem 13.1.11] again. Thus LR~ =2 K![P] is a twisted group algebra which
is a domain, algebraic over K. It follows that K*[P] is a field extension of K which
is purely inseparable since P is a p-group.

(ii) Now we suppose that N and P are both finite and that P acts faithfully on
N. Since N is a p’-group, Proposition 1.1 implies that L = k[N x A] is semiprime.
Hence LR~ =2 K'[N x P] is also semiprime, and therefore it is a finite dimensional
semisimple K-algebra. Since P acts faithfully on N and since Q,(G) acts trivially
on N, it follows that O,(G) = 1. |

Of course, in part (ii) above, we can take P = Z, to be cyclic of order p and
N =2 Z, x Zy X -+ X Zg to be the direct product of p copies of Z, with ¢ a prime
different from p. Then P acts faithfully on N by cyclically permuting its factors
and if G = N x P, it is easy to see that |G : GP| = q.

Finally, we offer an example to show that T?(G) can be properly larger than its
subgroup SP(G). Note that TP(G) = SP(G) when O, (G) is finite, so the following
construction necessarily requires O, (G) to be infinite.

Lemma 12.9. Let S be a finite nonabelian simple group of order divisible by p
and suppose that S acts nontrivially on the finite abelian p-group A. Then S acts
naturally on the (weak) direct product P = [[;2, A; of infinitely many copies A;
of A, and G = P x S is a locally finite group with SP(G) = Q,(G) = P and with
T (G) =G.

Proof. Tt is clear that P = 0,(G) C SP(G) C T?(G) = G and thus there are only
two possibilities for SP(G). If SP(G) = G, then there exists H Isn G with H D S.
Note that H N P < H and that H N P < P since P is abelian. Thus H N P <G and
if G = G/(HNP), then H= H/(H N P) 2 S is locally subnormal in G. But H
is quasi-simple, so the local version of Lemma 2.7(ii) implies that H centralizes P
and therefore [P, S| = [P, H] C HNP is finite. But [P, S] = [[;2,[A;, S] is certainly
infinite, so this case cannot occur and hence we must have SP(G) = P. |
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